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2007 AMC 12A Problems/Problem 1

The following problem is from both the 2007 AMC 12A #1 and 2007 AMC 10A #1, so both problems redirect to this
page.

Problem

One ticket to a show costs $i!0 at full price. Susan buys 4 tickets using a coupon that gives her a 25% discount
Pam buys 5 tickets using a coupon that gives her a 30% discount. How many more dollars does Pam pay than Susan?

(A) 2 (B) 5 (C) 10 (D) 15 (E) 20
Solution 1

P = the amount Pam spent S = the amount Susan spent

.P=5.(20-.7)=170
. §=4-(20-.75) = 60

Pam pays 10 more dollars than Susan =

See also
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2007 AMC 10A Problems/Problem 2

Problem
Define @@b = ab — b? and a#b = a + b — ab® what is 223?
1 i 1 1 i
(A) — 5 (B) — 1 (C) 3 (D) 1 (E) 5
Solution
6@2 B (6) x (2) — (2)? B 8 -1
6#2 (6) +(2)—(6)-(2)2 —16 2 1
See also
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2007 AMC 10A Problems/Problem 3
Problem

An aquarium has a rectangular base that measures 100 cm by 40 cm and has a height of 50 cem Tt is filled with

water to a height of 40 cm. A brick with a rectangular base that measures 40 cm by 20 cm and a height of 10 cm
is placed in the aquarium. By how many centimeters does the water rise?

(A) 0.5 (B) 1 (C) 1.5 (D) 2 (E) 2.5
Solution

The volume of the brick is 40 % 20 % 10 = 8000 Thus the water volume rose

8000 = 100 x 40 x h => h = 2 (D),
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2007 AMC 10A Problems/Problem 4
Problem

The larger of two consecutive odd integers is three times the smaller. What is their sum?

(A)4 (B)8 (0)12 (D)16 (E)20

Solution

Let the two consecutive odd integers be @, @ -+ 2. Then @ + 2 = 30,, so @ = 1 and their sum is 4 (A)
See also
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2007 AMC 10A Problems/Problem 5
Problem

A school store sells 7 pencils and 8 notebooks for $415 It also sells 5 pencils and 3 notebooks for $177 How
much do 16 pencils and 10 notebooks cost?

(A)$1.76 (B)$5.84 (C)$6.00 (D)$6.16 (E)$6.32
Solution

We let PP = cost of pencils in cents, Tl = number of notebooks in cents. Then

Tp + 8n = 415 = 35p + 40n = 2075
5p + 3n = 177 = 35p + 21n = 1239

Subtracting these equations yields 1971 = 836 = n = 44. Backwards solving gives P = 9. Thus the answer

is 16p + 10n = 584 (B).
See also
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2007 AMC 10A Problems/Problem 6
Problem

At Euclid High School, the number of students taking the ANC 10 was 60 in 2002, 66 in 2003, 70 in 2004, 76 in 2005, 78 and 2006, and
is 85 in 2007. Between what two consecutive years was there the largest percentage increase?

(A) 2002 and 2003  (B) 2003 and 2004  (C) 2004 and 2005 (D) 2005 and 2006  (E) 2006 and 2007

Solution

We compute the percentage increases:

66 — 60

L. _ﬁiif__ = 10%
70 — 66

2 56 ~ 6%
76 — 70

3 670 ~ 8.6%
78 — 76

4 876 ~ 2.6%
85 — T8 ~ 9%

g R

The answer is (jX).

In fact, the answer follows directly from examining the differences between each year. The largest differences are Eh 6, 7, and it is
easy to see that due to the decreased starting number of students in 2002 that that will be our answer

See also
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2007 AMC 12A Problems/Problem 5

The following problem is from both the 2007 AMC 12A #5 and 2007 AMC 10A #7, so both problems redirect to this
page.

Problem

Last year Mr. Jon Q. Public received an inheritance. He paid 20% in federal taxes on the inheritance, and paid

10% of what he had left in state taxes. He paid a total of $10500 for both taxes. How many dollars was his
inheritance?

(A) 30000  (B) 32500 (C) 35000 (D) 37500  (E) 40000

Solution
After paying his taxes, he has 0.8 %« 0.9 = 0.72 of the inheritance left. Since 10500 is 0.28 of the
10509 _ 27500 (D)
inheritance, the whole inheritance is ————— = X
ranee, ' 0.28

See also
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2007 AMC 12A Problems/Problem 6

The following problem is from both the 2007 AMC 12A #6 and 2007 AMC 10A #8, so both problems redirect to this

page.
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Problem

Triangles ABC and ADC are isosceles with AB = BC and AD = DC'. proint D is inside triangle
ABC, angle ABC measures 40 degrees, and angle ADC measures 140 degrees. What is the degree measure of

angle BAD‘7
(A)20 (B)30 (C)40 (D)50  (E) 60

Solution 1

Cjiih 140 diilﬁ

We angle chase, and find out that:

180 — 140

. DAC = 20

2
.BAC_M_TO
. BAD = BAC — DAC = 50 (D)

Solution 2
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Wit

Since triangle ABC' is isosceles we know that angle ZBAC = ZBC A.

Also since triangle ADC is isosceles we know that ZDAC = ZDCA.

This implies that ZBAD = ZBCD.

Then the sum of the angles in quadrilateral ABCD is 40 + 220 4+ 2£ZBAD = 360.

Solving the equation we get ZBAD = 50.

Therefore the answer is (D).
See also
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2007 AMC 10A Problems/Problem 9
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Problem

Real numbers @ and b satisfy the equations 34 = 81b+2 and 125b = 5(1_3. What is ab?
(A) —60 (B) —17 (C)9 (D)12 (E)60

Solution 1

81°+2 = 3442 3% —. 0 = 4b + 8
And
125" = 5% = 5% —= a4 — 3 = 3b
Substitution gives 4b +8 — 3 = 3b == b = —5, and solving for @ yields —12. Thus ab = 60 (E).

Solution 2

Simplify equation 1 which is 37a=81"b+2, to 3 a=3"4(b+2), which equals 3 a=3"4b+8.
And
Simplify equation 2 which is 125 b=5"a-3, to 5 3(b)=5"a-3, which equals 5 3b=5a-3.

Now, eliminate the bases from the simplified equations 1 and 2 to arrive at a=4b+8 and 3b=a—3. Rewrite equation 2
so that it is in terms of a. That would be a=3b+3.

Since both equations are equal to a, and a and b are the same number for both problems, set the equations equal to
each other. 4b+8=3b+3 b=-b

Now plug b, which is (-5) back into one of the two earlier equations. 4(-5)+8=a -20+8=a a=—12
(-12) (-5)=60

Therefore the correct answer is E
See also
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2007 AMC 10A Problems/Problem 10

Contents

« 1 Problem

« 2 Solution 1
= 3 Solution 2
= 4 See also

Problem

The Dunbar family consists of a mother, a father, and some children. The average age of the members of the family

is 2[l the father 18‘48 years old, and the average age of the mother and children is 16. How many children are in
the family?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6
Solution 1

Let T be the number of children. Then the total ages of the family is 48 + 1(;(11 -+ 1), and the total number of
people in the family is T2 + 2. So

48 +16(n+1)
N n+ 2

20

=> 20n+40 = 16n+64 = n = 6 (E).

Solution 2

Let x be number of childrentthe mom. The father, who is 48, plus the number of kids and mom divided by the number
of kids and mom plus 1 (for the dad)=20. This is because the average age of the entire family is 20. Basically,
this looks like 48+16x/x+1=20 48+16x=20x+20 4x=28 x=7

7 people — 1 mom = 6 children

E is the answer
See also
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2007 AMC 10A Problems/Problem 11

Contents

« 1 Problem
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= 4 See also

Problem

The numbers from 1 to & are placed at the vertices of a cube in such a manner that the sum of the four numbers on
each face is the same. What is this common sum?

(A)14 (B)16 (C)18 (D)20 (E)24

Solution

The sum of the numbers on the top face of a cube is equal to the sum of the numbers on the bottom face of the cube;
] +2dee -8

these & numbers represent all of the vertices of the cube. Thus the answer is =18 (C)

2
Solution 2

Consider a number on a vertex. It will be counted in 3 different faces, the ones it is on. Therefore, each number
1, 2, T ,7, 8 will be added into the total sum 3 times. Therefore, our total sum is
108

3(1 + 2 e 8) = 108. Finally, since there are 6 faces, our common sum is 6

(C)18.

See also
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2007 AMC 10A Problems/Problem 12
Problem

Two tour guides are leading six tourists. The guides decide to split up. Each tourist must choose one of the
guides, but with the stipulation that each guide must take at least one tourist. How many different groupings of
guides and tourists are possible?

(A) 56 (B) 58 (C) 60 (D) 62 (E) 64
Solution

Each tourist has to pick in between the 2 guides, so for 6 tourists there are 2 possible groupings. However,
since each guide must take at least one tourist, we subtract the 2 cases where a guide has no tourist. Thus the

answer is 26 — 2 = 62 (D)
See also
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2007 AMC 12A Problems/Problem 9

The following problem is from both the 2007 AMC 12A #9 and 2007 AMC 10A #13, so both problems redirect to
this page

Problem

Yan is somewhere between his home and the stadium. To get to the stadium he can walk directly to the stadium, or
else he can walk home and then ride his bicycle to the stadium. He rides 7 times as fast as he walks, and both
choices require the same amount of time. What is the ratio of Yan's distance from his home to his distance from the
stadium?

W: ®> (©

Solution

T =
ool

D) ®

Let the distance from Yan’s initial position to the stadium be @ and the distance from Yan's initial position to
home be b. We are trying to find b/&l, and we have the following identity given by the problem:

a+b
a=>b+ -
6a 8b
j?— = j?- = 6a = 8b

3
Thus b/a — 6/8 = 3/4 and the answer is (B) Z

See also
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2007 AMC 12A Problems/Problem 10

The following problem is from both the 2007 AMC 12A #10 and 2007 AMC 10A #14, so both problems redirect to

this page.

Problem

A triangle with side lengths in the ratio 3415 is inscribed in a circle with radius 3. What is the areca of the

(A) 864 (B)12 (C)57 (D)17.28 (E) 18

Solution

Since 3-4-5 is a Pythagorean triple, the triangle is a right triangle. Since the hypotenuse is a diameter of the

18
circumcircle, the hypotenuse is 21" = 6. Then the other legs are — = 4.8 and — = 3.6. The area is
4.8-3.6 g
———— =864 (A)
2
See also
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2007 AMC 10A Problems/Problem 15
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Problem

Four circles of radius 1 are each tangent to two sides of a square and externally tangent to a circle of radius 2,
as shown. What is the area of the square?

\
(A)32 (B)22+12vV2 (C)16+16V3 (D)48 (E)36+16v2

Solution 1

The diagonal has length \/5 -+ 1 -+ 2 + 2 -+ 1 -+ \/5 = 6 -+ 2\/5 Therefore the sides have length
2 -+ 3\/5, and the area is

A=(2+3V2)?=4+6V2+6V2+18=22+12V2= (B)

Solution 2

Extend two radii from the larger circle to the centers of the two smaller circles above. This forms a right

triangle of sides 3, 3, 3\/5 The length of the hypotenuse of the right triangle plus twice the radius of the
smaller circle is equal to the side of the square. It follows, then

A=(2+43V2)? =22+12V2 = (B)

See Also
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2007 AMC 12A Problems/Problem 12

The following problem is from both the 2007 AMC 12A #12 and 2007 AMC 10A #16, so both problems redirect to
this page

Problem

Integers Cl,b,(% and (i, not necessarily distinct, are chosen independently and at random from 0 to 2007
inclusive. What is the probability that ad — bc is even?

W: B ©; O ©-:
Solution

The only times when ad — be is even is when ad and be are of the same parity. The chance of ad being odd is
1 1 1
. — —, so it has a — probability of being even. Therefore, the probability that ad — be will be even is

4
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2007 AMC 10A Problems/Problem 17
Problem

Suppose that TN and T} are positive integers such that 75m = TL3. What is a minimum possible value of TH + ne
(A)15 (B)30 (C)50 (D)60  (E) 5700

Solution

2 . . . . 2 ..
3 - 5“M nust be a perfect cube, so each power of a prime in the factorization for 3 - BM must be divisible by

3
3. Thus the minimum value of 777 is 32 C 5 = 45, which makes . = V 33 . 53 = 15 These sum to 60 (D)

See also
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2007 AMC 10A Problems/Problem 18

Contents

« 1 Problem
« 2 Solution
= 2.1 Solution 1
=« 2.2 Solution 2
« 3 Solution 3
« 4 See also

Problem
Consider the 12-sided polygon ABCDEFGHIJKL, as shown. Each of its sides has length 4, and each two

consecutive sides form a right angle. Suppose that AG and C'H neet at M. What is the area of quadrilateral

ABCM:>

A B
K L C D
M
J I F E
H G
44 88 62
A) — B) 16 C) — D) 20 E) —
W3 ®16 ©F D20 (B~
Solution

Solution 1

We can obtain the solution by calculating the area of rectangle ABGH minus the combined area of triangles

AAHG and ACGM.
AH 3
cG 2

ratio of the distance from M to AH to the distance from M to C'G is also —. Solving with the fact that

the

We know that triangles ANAMH and AGMC are similar because AH H CQG. Also, since

the distance from AH to CG is 4, we see that the distance from M o CG is =

i
D cn

1 32
The area of AAHG is simply E 412 = 24, the area of ACG]VI is —«— 8 = E, and the area of

rectangle ABGH isd-12 = 48
Taking the area of rectangle ABGH and subtracting the combined area of ANAHG and ACGM yields

32 88
48— (24+ —) =|— .
24+ 3)=|5|©

Solution 2
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A B N
K L D
C
M
J 1 F E
H G

Extend AB and C'H and call their intersection IV.
The triangles CBN and CGH are clearly similar with ratio 14 2, hence BN = 2 and thus AN = 6. The
=4

area of the triangle BCN is
The triangles ﬂfIAN and MGH are similar as well, and we now know that the ratio of their dimensions is
AN :GH =6:4=3:2
Draw altitudes from M onto AN and GH, let their feet be M1 and ﬂffg We get that

3 36
Mﬂ/fl : Mﬂffg — 3 : 2 Hence Mﬂ/f1 = g + 12 = g (An alternate way is by seeing that the set—up AHGCM

is similar to the 2 pole problem(http://www. artofproblemsolving. com/wiki/index. php/1951 AHSME Problems/Problem 30).

Therefore, M.Z\/IQ must be T . § = by the harmonic mean. Thus, MJ\/Il must be T.)
stz O 0
1 108
Then the area of AA/IN is 5 . A.N . Mﬁfl = , and the area of ABCJ‘/[ can be obtained by
108 88
subtracting the area of BCN, which is 4. llence the answer is 5 —4 = g R

Solution 3

We can use coordinates to solve this. Let H — (0,0) Thus, we have A = (0, 12), C = (4?8), G pant (4.. O)
Therefore, AG has equation “—3$ + 12 = 1 and HC has equation 2$ = 1. Solving, we have
M = (12/5? 24/5) Using Shoelace Theorem (or you could connect LC' and solve for the resulting triangle +

trapezoid areas), we find [ABCA’I] — (C) — |

See also
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2007 AMC 10A Problems/Problem 19
Problem

A paint brush is swept along both diagonals of a square to produce the symmetric painted area, as shown. Half the
area of the square is painted. What is the ratio of the side length of the square to the brush width?

(A)2v2+1  (B)3V2 (C)2v2+4+2 (D)3V2+1 (E)3vV2+2
Solution

Solution 1

1

Without loss of generality, let the side length of the square be 1 unit. The area of the painted area is — of the

1

area of the larger square, so the total unpainted area is also —. Each of the 4 unpainted triangle has area —. It

is easy to tell that these triangles are isosceles right triangles, so let @ be the side length of one of the
smaller triangles:

V2

The diagonal of the triangle is . The corners of the painted areas are also isosceles right triangles with side

1-2 1 2 V2 o1

length ——— = — — ——  1Its diagonal is equal to the width of the paint, and is — —. The answer we

2 2 1 2 2
1 V2 1

are looking for is thus —=——— Multiply the numerator and the denominator by —— -+ — to simplify, and you
#E. . 1 2 2
2
V2 ]
+ 3 V2 1
get ——g—-iz—orfl —— -+ — | which is 2\/§+2 — C.
2 _1 2 2
4 4
Solution 2

Again, have the length of the square equal to 1 and let the width of each individual stripe be 1. Note that you
can split each stripe into two rectangles and two isosceles right triangles at the corners. Then the area of each

mn n
stripe is n(\/§ = ‘2—) - \/E‘n —= ? The area covered by the two total stripes is twice the area of one
stripe, minus the area in the intersection of the stripes, which is a square with side length 1. This area is equal

to — So:

2
1 1

2\ﬁn—2n2:§—>—2n2+2\@n—§:0

By the quadratic formula,

22\ V2R -A-2(-1)  _ayBx2  VE+1
B 2(-2) N

http://www.artofproblemsolving.com/wiki/index.php?titte=2007_AMC_10A_Problems/Problem_19 1/2
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3 41 V2 —1 1 1 2

Tt’s easy to tell that —— is too large, so Tl = . We want to find —, and — =

2 n B P11

Multiply the numerator and the denominator by \/5 -+ 1,

1 2(vV2+1)

n_ (V2-1)(V2+1)

22 +2|— C

See also
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2007 AMC 10A Problems/Problem 20
Problem

1

Suppose that the number @@ satisfies the equation 4=a - a . What is the value of (14 - a‘4?

(A)164 (B)172 (C)192 (D) 194 (E) 212

Solution
Solution 1

Notice that (ak + a_k)2 = a2k i a_zk + 2. Thus
a*+at=(@a*+a?)-2=[a+a ') —-2]°-2=194 (D)

Solution 2

4412
—— =23

= (2 + \/?:)4 —+ (2 — \/5)4 (so it doesn’t matter which

4a = (12 -+ 1 we apply the quadratic formula to get G =

1
msat+at=02+VI4 —M—
( ) (2+V3)*

root of (I we use). Using the binomial theorem we can expand this out and collect terms to get 194

Solution 3

1 1
We know that @ + — = 4. We can square both sides to get a2 +- —2 —+ 2 — 16, S0 a2 -+ —2 e 14 Squaring
a a

1 9
both sides again gives a4 + a—4 -+ 2 - 142 = 196, o) a4 —+- a—4 = .

Solution 4

We let @ and 1/(1 be roots of a certain quadratic. Specifically 332 — 4x +1= 0. We use Newton’s Sums given

the coefficients to find 84. 84 ==

See also
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2007 AMC 10A Problems/Problem 21

Problem

A sphere is inscribed in a cube that has a surface area of 24 square meters. A second cube is then inscribed
within the sphere. What is the surface area in square meters of the inner cube?

(A)3 (B)6 (C)8 (D)9 (E)12

Contents

= 1 Problem
= 2 Solution
« 2.1 Solution 1
« 2.2 Solution 2 (computation)

« 3 See also

Solution

Solution 1

We rotate the smaller cube around the sphere such that two opposite vertices of the cube are on opposite faces of
the larger cube. Thus the main diagonal of the smaller cube is the side length of the outer square.
Let S be the surface area of the inner square. The ratio of the areas of two similar figures is equal to the

square of the ratio of their sides. As the diagonal of a cube has length S\/§ where 8§ is a side of the cube, the
ratio of a side of the inner square to that of the outer square (and the side of the outer square = the diagonal of

S 1
the inner square), we have — = \/5 Thus S=8 = (C)

Solution 2 (computation)

24

The area of each face of the outer cube is —/ = 4, and the edge length of the outer cube is 2. This is also the
diameter of the sphere, and thus the length of a long diagonal of the inner cube.

A long diagonal of a cube is the hypotenuse of a right triangle with a side of the cube and a face diagonal of the

2
cube as legs. If a side of the cube is I, we see that 2D = \/.7;2 -+ (\/537)2 = Tr=—

5

2

Thus the surface area of the inner cube is 6$2 =06(-—— = 8.

V3
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2007 AMC 12A Problems/Problem 11

The following problem is from both the 2007 AMC 12A #11 and 2007 AMC 10A #22, so both problems redirect to
this page.

Problem

A finite sequence of three-digit integers has the property that the tens and units digits of each term are,
respectively, the hundreds and tens digits of the next term, and the tens and units digits of the last term are,
respectively, the hundreds and tens digits of the first term. For example, such a sequence might begin with the
terms 247, 475, and 756 and end with the term 824. Let S be the sum of all the terms in the sequence. What is the
largest prime factor that always divides So

(A) 3 (B) 7 (C) 13 (D) 37 (E) 43
Solution

A given digit appears as the hundreds digit, the tens digit, and the units digit of a term the same number of
times. Let Kk be the sum of the units digits in all the terms. Then S = lllk = 3 * 37k‘, so S must be

divisible by 37 (D) To see that it need not be divisible by any larger prime, the sequence 123, 231,312
gives 8 = 666 = 2 . 32 . 37

See also
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2007 AMC 10A Problems/Problem 23
Problem

How many ordered pairs (Tﬂ, TL) of positive integers, with 77 Z T, have the property that their squares differ by

96
(A) 3 (B) 4 (C) 6 (D)9 (E) 12

Solution

m?> —n?=(m+n)(m—n)=96=2".3

T4y r—1y
For every two factors LY = 96, we have M + N = r,m-—n=1y = M = "2—,?1 — ——— . Since
m Z n > 0, r + y Z r—1y > 0, from which it follows that the number of ordered pairs (Tﬂ,ﬂ?) is given
by the number of ordered pairs (ﬂ:,y) XY = 96, x> > (. There are (5 + 1)(1 + 1) = 12 ractors of

96, which give us six pairs (&, Y ). However, since 770, TV are positive integers, we also need that
r+y T—Y

) are positive integers, so &I and Y must have the same parity. Thus we exclude the factors

2
(.’B,'y) = (1,96)(3, 32), and we are left with four pairs (B)

See also
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2007 AMC 10A Problems/Problem 24
Problem

Circles centered at A and B each have radius 2, as shown. Point O is the midpoint of AB, and OA = 2\/5
Segments OC and OD are tangent to the circles centered at A and B, respectively, and EF is a common
tangent. What is the area of the shaded region ECODEF»

8v2
3

Solution

(4) B)8vV2-4-7 (O4V2 (D)4VZ+3z (B)8V2Z-2-7

Mrea we are trying to find is simply ABFFE — (E@ — ANACO = ABDO -+ Bﬁ) Obviously,
EF || AB Thus, ABFE is a rectangle, and so its area is

bxh=2x (A0 + OB) =2 x 2(2V2) = 8V2.

Since OC is tangent to circle A, NACO is a right triangle. We know AO = 2\/5 and AC = 2, o)

S 1
ANACQO is isosceles, a 45-45 right triangle, and has CO vith length 2. The area of /_\.ACO = Ebh = 2
. By symmetry, ANAACO = ABDO, and so the area of AABDQO is also 2.

e — e — 1 e — e —

AEC (or BFD, for that matter) is 'g the area of its circle. Thus AEC and BIE'D both have an area of
o

2.

Plugging all of these areas back into the original equation yields

8\/5—(%+2+2+g)=8\/§—(4+7r)= 8v/2 —4— 1| (B)

See also
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2007 AMC 12A Problems/Problem 22

The following problem is from both the 2007 AMC 12A #22 and 2007 AMC 10A #25, so both problems redirect to
this page.

Problem

For each positive integer T, let S(ﬂ) denote the sum of the digits of M. For how many values of 71 is

n+S(n)+ S(S(n)) = 20077
A1 ®2 ©3 D44 (E)S

Contents

« 1 Problem

« 2 Solution
= 2.1 Solution 1
=« 2.2 Solution 2
=« 2.3 Solution 3

= 3 See also

Solution
Solution 1

For the sake of notation let T(ﬂ) =n -+ S(TL) -+ S(S('ﬂ.)) Obviously I < 2007 Then the maximum value
of 8(?’1) -+ S(S(H)) is when T} = 1999, and the sum becomes 28 + 10 = 38 So the minimum bound is 1969

We do casework upon the tens digit:
Case 1: 196‘1}1 = i = 9 Fasy to directly disprove.

Case 2: 197u. S(Tl) =14+94+7+u=17<+u, and S(S(TL)) =8+ uiru < 2 and
S(S(?II)) = @ -+ (U — 3) = U — 1 otherwise.

Subcase a: T(ﬂ) _ 1970 + u + 17 + u + 8 +u = 1995 - 3u = 2007 —r = 4 This
exceeds our bounds, so no solution here.
Subcase b: T(ﬂ) _ 1970 + u + 17 +u+u— 1= 1986 - 3u = 2007 —r = 7 First

solution.
Case 3: 198u. S(n) = 18 + u, and S(S(n)) =94 w iru < 1and 2+ (u — 2) = U othervise.
Subcase a: T(Tb) g 1980 +u + 18 + u —|— 9 +u = 2007 - 3’U, g 2007 — U = 0 Second

solution.

subcase b: 1T'(n) = 1980 +u + 18 + u + v = 1998 + 3u = 2007 = u = 3. Third solution.
Case 4: 199’& But S(Tl) > 19, and 10 + S(TL) clearly sum to > 2007

Case 5: 2002. so 8(71) =2+ U and S(S 71)) = 24 U (recall that 1 < 2007), and
2000 +u + 2 + u -+ 2 +u= 2004 +ou = 2007 = U = 1 Fourth solution.

In total we have 4(D) solutions, which are 1977, 1980, 1983, and 2001.
Solution 2

Clearly, M > 1950 We can break this into three cases:
Case 1: TL 2 2000
Inspection gives T = 2001

Case 2: M < 2000, n = 19$y(not to be confused with 19 * & * Y, T +- Yy < 10

http://www.artofproblemsolving.com/wiki/index.php?titte=2007_AMC_12A_Problems/Problem_22 1/2
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If you set up an equation, it reduces to
4z +y = 32

which has as its only solution satisfying the constraints I = 8, Y= 0
Case 3: M < 2000, n =192y, z +y > 10

This reduces to

4x - Y = 35. The only two solutions satisfying the constraints for this equation are &I = 7, Y= 7

and T = &, Y= 3.
The solutions are thus 1977, 1980, 1983, 2001 and the answer is (D) 4.
Solution 3

As in Solution 1, we note that S(Tl) g 28 and S(S(ﬂ)) g 10.

Obviously, 7 = S(n) = S(S(n)) (mod 9).

As 2007 — 0 (IIlOd 9 , this means that T IIlOd 9 = {0, 3,6}, or equivalently that
n=.S(n)=S5(5n)) =0 (mod 3).

Thus S(S(n)) & 3, 6,9} For each possible S(S(ﬂ.)) we get three possible S n)
(. g., if S(S(n) = 6, then S(n) = X is a number such that I S 28 and S :E) = G, therefore
S(n) € {6,15,24}.)

For each of these nine possibilities we compute 717 as 2007 — S(n) — S(S(ﬂ)) and check whether
S(n.) = S(n).
We’ 11 find out that out of the 9 cases, in 4 the value Tl% has the correct sum of digits.

This happens for Nz € {1977, 1980, 1983, 2001}

See also
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