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What is the value of  ?
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Marie does three equally time-consuming tasks in a row without taking breaks. She begins the first task at
1:00 PM and finishes the second task at 2:40 PM. When does she finish the third task?

The first two tasks took  minutes. Thus, each task takes 

minutes. So the third task finishes at  minutes .
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Isaac has written down one integer two times and another integer three times. The sum of the five numbers is
100, and one of the numbers is 28. What is the other number?

Let  be the number written two times, and  the number written three times. Then .

Plugging in  = 28 doesn't yield an integer for , so it must be that , and we get 

. Solving for , we obtain .
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David, Hikmet, Jack, Marta, Rand, and Todd were in a 12-person race with 6 other people. Rand finished 6
places ahead of Hikmet. Marta finished 1 place behind Jack. David finished 2 places behind Hikmet. Jack
finished 2 places behind Todd. Todd finished 1 place behind Rand. Marta finished in 6th place. Who finished
in 8th place?

Let  denote any of the 6 racers not named. Then the correct order following all the logic looks like:

Clearly the 8th place runner is .

2015 AMC 12B (Problems • Answer Key • Resources

(http://www.artofproblemsolving.com/Forum/resources.php?c=182&cid=44&year=2015))

Preceded by 

Problem 3

Followed by 

Problem 5

1 • 2 • 3 • 4 • 5 • 6 • 7 • 8 • 9 • 10 • 11 • 12 • 13 • 14 • 15 • 16 • 17 • 18 •

19 • 20 • 21 • 22 • 23 • 24 • 25

All AMC 12 Problems and Solutions

The problems on this page are copyrighted by the Mathematical Association of America (http://www.maa.org)'s

American Mathematics Competitions (http://amc.maa.org). 

Retrieved from "http://artofproblemsolving.com/wiki/index.php?

title=2015_AMC_12B_Problems/Problem_4&oldid=68475"

2015 AMC 12B Problems/Problem 4

Problem

Solution

See Also

http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Answer_Key
http://www.artofproblemsolving.com/Forum/resources.php?c=182&cid=44&year=2015
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_3
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_5
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_1
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_2
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_3
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_5
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_6
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_7
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_8
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_9
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_10
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_11
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_12
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_13
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_14
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_15
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_16
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_17
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_18
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_19
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_20
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_21
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_22
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_23
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_24
http://artofproblemsolving.com/wiki/index.php/2015_AMC_12B_Problems/Problem_25
http://artofproblemsolving.com/wiki/index.php/AMC_12_Problems_and_Solutions
http://www.maa.org/
http://amc.maa.org/
http://artofproblemsolving.com/wiki/index.php/File:AMC_logo.png
http://artofproblemsolving.com/wiki/index.php?title=2015_AMC_12B_Problems/Problem_4&oldid=68475


Copyright © 2016 Art of Problem Solving

The Tigers beat the Sharks 2 out of the 3 times they played. They then played  more times, and the Sharks

ended up winning at least 95% of all the games played. What is the minimum possible value for ?

The ratio of the Shark's victories to games played is . For  to be at its smallest, the Sharks must win

all the subsequent games because . Then we can write the equation

Cross-multiplying yields , and we find that .
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Back in 1930, Tillie had to memorize her multiplication facts from  to . The multiplication
table she was given had rows and columns labeled with the factors, and the products formed the body of the
table. To the nearest hundredth, what fraction of the numbers in the body of the table are odd?

There are a total of  products, and a product is odd if and only if both

its factors are odd. There are  odd numbers between  and , namely  hence the number

of odd products is . Therefore the answer is .
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A regular 15-gon has  lines of symmetry, and the smallest positive angle for which it has rotational

symmetry is  degrees. What is  ?

From consideration of a smaller regular polygon with an odd number of sides (e.g. a pentagon), we see that

the lines of symmetry go through a vertex of the polygon and bisect the opposite side. Hence , the
number of sides / vertices. The smallest angle for a rotational symmetry transforms one side into an

adjacent side, hence , the number of degrees between adjacent sides. Therefore the

answer is .
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What is the value of  ?
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Larry and Julius are playing a game, taking turns throwing a ball at a bottle sitting on a ledge. Larry
throws first. The winner is the first person to knock the bottle off the ledge. At each turn the probability

that a player knocks the bottle off the ledge is , independently of what has happened before. What is the

probability that Larry wins the game?

If Larry wins, he either wins on the first move, or the third move, or the fifth move, etc. Let 

represent "player wins", and  represent "player loses". Then the events corresponding to Larry winning are

Thus the probability of Larry winning is

This is a geometric series with ratio , hence the answer is .
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How many noncongruent integer-sided triangles with positive area and perimeter less than 15 are neither
equilateral, isosceles, nor right triangles?

Since we want non-congruent triangles that are neither isosceles nor equilateral, we can just list side

lengths $(a,b,c)$ with . Furthermore, "positive area" tells us that  and the

perimeter constraints means .

There are no triangles when  because then  must be less than , implying that , contrary

to .

When , similar to above,  must be less than , so this leaves the only possibility 

. This gives 3 triangles  within our perimeter constraint.

When ,  can be  or , which gives triangles . Note that 

 is a right triangle, so we get rid of it and we get only 2 triangles.

All in all, this gives us  triangles.
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The line  forms a triangle with the coordinate axes. What is the sum of the lengths of the
altitudes of this triangle?

Clearly the line and the coordinate axes form a right triangle. Since the x-intercept and y-intercept are 5
and 12 respectively, 5 and 12 are two sides of the triangle that are not the hypotenuse, and are thus two of
the three heights. In order to find the third height, we can use different equations of the area of the

triangle. Using the lengths we know, the area of the triangle is . We can use the

hypotenuse as another base to find the third height. Using the distance formula, the length of the

hypotenuse is . Then , and so . Therefore the sum of all

the heights is .
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Let , , and  be three distinct one-digit numbers. What is the maximum value of the sum of the roots of the equation 

 ?

The left-hand side of the equation can be factored as , from which it

follows that the roots of the equation are , and . The sum of the roots is therefore , and the maximum is

achieved by choosing , and . Therefore the answer is 

Expand the polynomial. We get 

Now, consider a general quadratic equation  The two solutions to this are

The sum of these roots is

Therefore, reconsidering the polynomial of the problem, the sum of the roots is

Now, to maximize this, it is clear that  Also, we must have  (or vice versa). The reason  have to equal these

values instead of larger values is because each of  is distinct.
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Quadrilateral  is inscribed in a circle with  and 

. What is ?

 and  are both subtended by segment , hence . By

considering , it follows that . Hence  is

isosceles, and 
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A circle of radius 2 is centered at . An equilateral triangle with side 4 has a vertex at . What is the
difference between the area of the region that lies inside the circle but outside the triangle and the area
of the region that lies inside the triangle but outside the circle?

The area of the circle is , and the area of the triangle is . The

difference between the area of the region that lies inside the circle but outside the triangle and the area
of the region that lies inside the triangle but outside the circle is the same as the difference between the
area of the circle and the area of the triangle (because from both pieces we are subtracting the area of the

two shapes' intersection), so the answer is .
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At Rachelle's school an A counts 4 points, a B 3 points, a C 2 points, and a D 1 point. Her GPA on the four
classes she is taking is computed as the total sum of points divided by 4. She is certain that she will get

As in both Mathematics and Science, and at least a C in each of English and History. She thinks she has a 

chance of getting an A in English, and a  chance of getting a B. In History, she has a  chance of getting

an A, and a  chance of getting a B, independently of what she gets in English. What is the probability that

Rachelle will get a GPA of at least 3.5?

The probability that Rachelle gets a C in English is .

The probability that she gets a C in History is .

We see that the sum of Rachelle's "point" scores must be 14 or more. We know that in Mathematics and Science
we have a total point score of 8 (since she will get As in both), so we only need a sum of 6 in English and
History. This can be achieved by getting two As, one A and one B, one A and one C, or two Bs. We can
evaluate these cases.

The probability that she gets two As is .

The probability that she gets one A and one B is 

.

The probability that she gets one A and one C is .

The probability that she gets two Bs is .

Adding these, we get .

We can break it up into three mutually exclusive cases: A in english, at least a C in history; B in english
and at least a B in history; C in english and an A in history. This gives
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A regular hexagon with sides of length 6 has an isosceles triangle attached to each side. Each of these
triangles has two sides of length 8. The isosceles triangles are folded to make a pyramid with the hexagon
as the base of the pyramid. What is the volume of the pyramid?

The distance from a corner to the center is 6, and from the corner to the top of the pyramid is 8, so the

height is .

The area of the hexagon is

Thus, The volume of the pyramid is

.
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An unfair coin lands on heads with a probability of . When tossed  times, the probability of exactly

two heads is the same as the probability of exactly three heads. What is the value of ?

When tossed  times, the probability of getting exactly 2 heads and the rest tails is

Similarly, the probability of getting exactly 3 heads is

Now set the two probabilities equal to each other and solve for :

Note: the original problem did not specify , so  was a solution, but this was fixed in the
Wiki problem text so that the answer would make sense. — @adihaya (talk) 15:23, 19 February 2016 (EST)
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For every composite positive integer , define  to be the sum of the factors in the prime

factorization of . For example,  because the prime factorization of  is , and 

. What is the range of the function , 

 ?

This problem becomes simple once we recognize that the domain of the function is 

. By evaluating  to be , we can see that  is incorrect.

Evaluating  to be , we see that both  and  are incorrect. Since our domain consists of

composite numbers, which, by definition, are a product of at least two positive primes, the minimum value of

 is , so  is incorrect. That leaves us with .

Think backwards. The range is the same as the numbers  that can be expressed as the sum of two or more

prime positive integers.

The lowest number we can get is . For any number greater than 4, we can get to it by

adding some amount of 2's and then possibly a 3 if that number is odd. For example, 23 can be obtained by

adding 2 ten times and adding a 3; this corresponds to the argument . Thus our answer is 

.
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In ,  and . Squares  and  are constructed outside of

the triangle. The points , , , and  lie on a circle. What is the perimeter of the triangle?

First, we should find the center and radius of this circle. We can find the center by drawing the

perpendicular bisectors of  and  and finding their intersection point. This point happens to be

the midpoint of , the hypotenuse. Let this point be . To find the radius, determine , where 

, , and . Thus, the radius 

.

Next we let  and . Consider the right triangle  first. Using the pythagorean

theorem, we find that . Next, we let  to be the midpoint of , and we

consider right triangle . By the pythagorean theorem, we have that 

. Expanding this equation, we get that

This means that  is a 45-45-90 triangle, so . Thus the perimeter is 

 which is answer . image needed
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The center of the circle on which , , , and  lie must be equidistant from each of these four

points. Draw the perpendicular bisectors of  and of . Note that the perpendicular bisector of 

 is parallel to  and passes through the midpoint of . Therefore, the triangle that is formed

by , the midpoint of , and the point at which this perpendicular bisector intersects  must be

similar to , and the ratio of a side of the smaller triangle to a side of  is 1:2.

Consequently, the perpendicular bisector of  passes through the midpoint of . The perpendicular

bisector of  must include the midpoint of  as well. Since all points on a perpendicular bisector

of any two points  and  are equidistant from  and , the center of the circle must be the midpoint

of .

Now the distance between the midpoint of  and , which is equal to the radius of this circle, is 

. Let . Then the distance between the midpoint of  and , also equal

to the radius of the circle, is given by  (the ratio of the similar

triangles is involved here). Squaring these two expressions for the radius and equating the results, we have

Since  cannot be equal to 12, the length of the hypotenuse of the right triangle, we can divide by 

, and arrive at . The length of other leg of the triangle must be 

. Thus, the perimeter of the triangle is .

In order to solve this problem, we can search for similar triangles. Begin by drawing triangle  and

squares  and . Draw segments  and . Because we are given points , , ,

and  lie on a circle, we can conclude that  forms a cyclic quadrilateral. Take  and extend

it through a point  on . Now, we must do some angle chasing to prove that  is similar to 

.

Let  denote the measure of . Following this,  measures . By our construction, 

 is a straight line, and we know  is a right angle. Therefore,  measures . Also, 

 is a right angle and thus,  is a right angle. Sum  and  to find 

, which measures . We also know that  measures . Therefore, 

.

Let  denote the measure of . It follows that  measures . Because 

is a cyclic quadrilateral, . Therefore,  must measure ,

and  must measure . Therefore, .

 and , so ! Let 

. By Pythagorean theorem, . Now we have 

, , , and . We can set up
an equation:
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Solving for , we find that  or , which we omit. The perimeter of the triangle is 

. Plugging in , we get .
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For every positive integer , let  be the remainder obtained when  is divided by 5. Define a

function  recursively as follows:

What is ?

Simply draw a table of values of  for the first few values of :

It is now clear that for ,  for all values .

Thus, .
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Cozy the Cat and Dash the Dog are going up a staircase with a certain number of steps. However, instead of
walking up the steps one at a time, both Cozy and Dash jump. Cozy goes two steps up with each jump (though
if necessary, he will just jump the last step). Dash goes five steps up with each jump (though if necessary,
he will just jump the last steps if there are fewer than 5 steps left). Suppose that Dash takes 19 fewer
jumps than Cozy to reach the top of the staircase. Let  denote the sum of all possible numbers of steps
this staircase can have. What is the sum of the digits of ?

We can translate this wordy problem into this simple equation:

We will proceed to solve this equation via casework.

Case 1: 

Our equation becomes , where  Using the fact that  is an integer,

we quickly find that  and  yield  and , respectively.

Case 2: 

Our equation becomes , where  Using the fact that  is an

integer, we quickly find that  yields .

Summing up we get . The sum of the digits is .

It can easily be seen that the problem can be expressed by the equation:

However, because the ceiling function is difficult to work with, we can rewrite the previous equation as:
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Where  and  Multiplying both sides by ten and simplifying, we get:

Because s must be an integer, we need to find the values of  and  such that . We
solve using casework.

Case 1: 

If , we have . We can easily see that  or , which when plugged into

our original equation lead to  and  respectively.

Case 2: 

If , we have , which can be rewritten as . We can again

easily see that  is the only solution, which when plugged into our original equation lead to 
.

Adding these together we get . The sum of the digits is .
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Six chairs are evenly spaced around a circular table. One person is seated in each chair. Each person gets
up and sits down in a chair that is not the same chair and is not adjacent to the chair he or she originally
occupied, so that again one person is seated in each chair. In how many ways can this be done?

Consider shifting every person over three seats (left or right) after each person has gotten up and sat back
down again. Now, instead of each person being seated not in the same chair and not in an adjacent chair,
each person will be seated either in the same chair or in an adjacent chair. The problem now becomes the
number of ways in which six people can sit down in a chair that is either the same chair or an adjacent
chair in a circle.

Consider the similar problem of  people sitting in a chair that is either the same chair or an adjacent

chair in a row. Call the number of possibilities for this . Then if the leftmost person stays put, the

problem is reduced to a row of  chairs, and if the leftmost person shifts one seat to the right, the
new person sitting in the leftmost seat must be the person originally second from the left, reducing the

problem to a row of  chairs. Thus,  for . Clearly  and 

, so , , and .

Now consider the six people in a circle and focus on one person. If that person stays put, the problem is

reduced to a row of five chairs, for which there are  possibilities. If that person moves one seat
to the left, then the person who replaces him in his original seat will either be the person originally to
the right of him, which will force everyone to simply shift over one seat to the left, or the person
originally to the left of him, which reduces the problem to a row of four chairs, for which there are 

 possibilities, giving  possibilities in all. By symmetry, if that person moves one

seat to the right, there are another  possibilities, so we have a total of 

possibilities.

Label the people sitting at the table  and assume that they are initially seated in the

order . The possible new positions for  and  are respectively (a dash
indicates a non-allowed position):
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The permutations we are looking for should use one letter from each column, and there should not be any
repeated letters:

There are  such permutations.

We can represent each rearrangement as a permutation of the six elements  in cycle

notation. Note that any such permutation cannot have a 1-cycle, so the only possible types of permutations
are 2,2,2-cycles, 4,2-cycles, 3,3-cycles, and 6-cycles. We deal with each case separately.

For 2,2,2-cycles, suppose that one of the 2-cycles switches the people across from each other, i.e. , 

, or . WLOG, we may assume it to be . Then we could either have both of the other 2-cycles be

across from each other, giving the permutation , or else neither of the other 2-cycles are

across from each other, in which case the only possible permutation is . This can happen for

 and  as well. So since the first permutation is not counted twice, we find a total of 

 permutations that are 2,2,2-cycles where at least one of the 2-cycles switches people
diametrically opposite from each other. Otherwise, since the elements in a 2-cycle cannot differ by 1, 3, or
5 mod 6, they must differ by 2 or 4 mod 6, i.e. they must be of the same parity. But since we have three odd
and three even elements, this is impossible. Hence there are exactly 4 such permutations that are 2,2,2-
cycles.

For 4,2-cycles, we assume for the moment that 1 is part of the 2-cycle. Then the 2-cycle can be , 

, or . The first two are essentially the same by symmetry, and we must arrange the elements 2, 4, 5, 6

into a 4-cycle. However, 5 must have two neighbors that are not next to it, which is impossible, hence the

first two cases yield no permutations. If the 2-cycle is , then we must arrange the elements 2, 3, 5, 6

into a 4-cycle. Then 2 must have the neighbors 5 and 6. We find that the 4-cycles  and 

satisfy the desired properties, yielding the permutations  and . This can be done

for the 2-cycles  and  as well, so we find a total of 6 such permutations that are 4,2-cycles.

For 3,3-cycles, note that if 1 neighbors 4, then the third element in the cycle will neighbor one of 1 and
4, so this is impossible. Therefore, the 3-cycle containing 1 must consist of the elements 1, 3, and 5.

Therefore, we obtain the four 3,3-cycles , , , and .

Solution 3
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For 6-cycles, note that the neighbors of 1 can be 3 and 4, 3 and 5, or 4 and 5. In the first case, we may

assume that it looks like  -- the form  is also possible, but equivalent to this case.

Then we must place the elements 2, 5, and 6. Note that 5 and 6 cannot go together, so 2 must go in between

them. Also, 5 cannot neighbor 4, so we are left with one possibility, namely , which has an

analogous possibility . In the second case, we assume that it looks like . Clearly,

the 2 must go next to the 5, and the 6 must go last (to neighbor the 3), so the only possibility here is 

, with the analogous possibility . In the final case, we may assume that it looks like

. Then the 2 and 3 cannot go together, so the 6 must go in between them. Therefore, the only

possibility is , with the analogous possibility . We have covered all possibilities

for 6-cycles, and we have found 6 of them.

Therefore, there are  such permutations.
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A rectangular box measures , where , , and  are integers and . The volume

and the surface area of the box are numerically equal. How many ordered triples  are possible?

The surface area is , and the volume is , so equating the two yields

Divide both sides by  to obtain

First consider the bound of the variable . Since  we have , or .

Also note that , hence . Thus, , so .

So we have  or .

Before the casework, let's consider the possible range for  if . From , we have 

. From , we have . Thus .

When , we get , so . We find the solutions 

, , , , , for a total of  solutions.

When , we get , so . We find the solutions , 

, , for a total of  solutions.

When , we get , so . The only solution in this case is 

.

When ,  is forced to be , and thus .

Thus, there are  solutions.

2015 AMC 12B Problems/Problem 23

Problem

Solution

See Also



Four circles, no two of which are congruent, have centers at , , , and , and points  and  lie

on all four circles. The radius of circle  is  times the radius of circle , and the radius of circle 

 is  times the radius of circle . Furthermore,  and . Let  be the

midpoint of . What is  ?

First, note that  lies on the radical axis of any of the pairs of circles. Suppose that  and  are

the centers of two circles  and  that intersect exactly at  and , with  and  lying on the

same side of , and . Let , , and suppose that the radius of circle 

 is  and the radius of circle  is .

Then the power of point  with respect to  is

and the power of point  with respect to  is

Also, note that .

Subtract the above two equations to find that  or . As 

, we find that . Plug this into an earlier equation to

find that . This is a quadratic equation with solutions , and as 

is a length, it is positive, hence , and . This is the only possibility if the
two centers lie on the same same of their radical axis.

On the other hand, if they lie on opposite sides, then it is clear that there is only one possibility, and

then it is clear that . Therefore, we obtain exactly four possible centers,

and the sum of the desired lengths is .
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A bee starts flying from point . She flies  inch due east to point . For , once the bee

reaches point , she turns  counterclockwise and then flies  inches straight to point .

When the bee reaches  she is exactly  inches away from , where , ,  and  are

positive integers and  and  are not divisible by the square of any prime. What is  ?

Let , a  counterclockwise rotation centered at the origin. Notice that  on the complex
plane is:

We need to find the magnitude of  on the complex plane. This is an arithmetic/geometric series.

We want to find . First, note that  because . Therefore

Hence, since , we have 

Now we just have to find . This can just be computed directly:
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Therefore 

Thus the answer is 
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