2019 AMC 12A Problems 1

Problem

The area of a pizza with radius 4is N percent larger than the area of a pizza
with radius 3 inches. What is the integer closest to N~

(A)25 (B)33 (C)44 (D)66 (E) 78

Solution

The area of the larger pizza is 167T, while the area of the smaller pizza is Or.

s

— - 100%
Therefore, the larger pizza is O bigger than the smaller
Il
— - 100% = 77.777.... (E) 78
pizza. Or , Which is closest to .

2019 AMC 12A Problems/Problem 2
Problem

Suppose Q is 150% of b. What percent of 4 is 3b?

(A) 50  (B) 66% (C) 150 (D) 200  (E) 450

Solution 1

. a
Since @ — 1.5b, that means B 1.5. we multiply by 3to geta 3b term,
yielding 3b = 2a, and 2a is (D) 200% of Q.

Solution 2



Without loss of generality, let b = 100. Then, we

3b 300
have @ = 150 and 3b = 300 Thus, @ o 150 _ ’
so 3b is 200% of @. Hence the answer is (D) 200%

2019 AMC 10A Problems/Problem 4

(Redirected from 2019 AMC 12A Problems/Problem 3)
The following problem is from both the 2019 AMC 10A #4 and 2019 AMC
12A #3, so both problems redirect to this page.

Problem

A box contains 28 red balls, 20 green balls, 19 yellow balls, 13 bive
balls, 11 white balls, and 9 black balls. What is the minimum number of balls
that must be drawn from the box without replacement to guarantee that at

least 19 balls of a single color will be drawn?

(A)75 (B)76 (C)79 (D)84 (E)91

Solution

By choosing the maximum number of balls while getting < 15 of each color,
we could have chosen 14 red balls, 14 green balls, 14 yellow

balls, 13 blue balls, 11 white balls, and 9 black balls, for a total of 75 balls.

Picking one more ball guarantees that we will get 15 balls of a color - either

75+ 1=|(B) 76

red, green, or yellow. Thus the answer is

2019 AMC 10A Problems/Problem 5

(Redirected from 2019 AMC 12A Problems/Problem 4)
The following problem is from both the 2019 AMC 10A #5 and 2019 AMC
12A #4, so both problems redirect to this page.

Problem

What is the greatest number of consecutive integers whose sum is 457



(A)9 (B)25 (C)45 (D)90 (E) 120

Solution 1

We might at first think that the answer would be 9,
because 1 + 2 + 3+ -+ +n = 45 whenn = 9. But note that the

problem says that they can be integers, not necessarily positive. Observe

also that every term in the sequence _447 _437 Ty 447 45 cancels

(D) 90

out except 45, Thus, the answer is, intuitively, integers.

Though impractical, a proof of maximality can proceed as follows: Let the
desired sequence of consecutive integers

be @y @ + 17 T, a + (N T 1), where there are IV terms, and we

want to maximize V. Then the sum of the terms in this sequence
(N —1)(N)
aN + = 45

is 2 . Rearranging and factoring, this

reduces to N(2a + N — 1) - 90. Since N must divide 90, and

we know that 90 is an attainable value of the sum, 90 must be the
maximum.

Solution 2

To maximize the number of integers, we need to make the average of them

1
as low as possible while still being positive. The average can be 2 if the
45
- = [(D) 90

middle two numbers are 0 and 1, so the answeris 2

2019 AMC 10A Problems/Problem 7

(Redirected from 2019 AMC 12A Problems/Problem 5)
The following problem is from both the 2019 AMC 10A #7 and 2019 AMC
12A #5, so both problems redirect to this page.

Problem



1

Two lines with slopes 2 and 2 intersect at (27 2). What is the area of the

triangle enclosed by these two lines and the line T + Y = 107
(A)4 (B)4vV2 (C)6 (D)8 (E)6v2

Solution 1

Let's first work out the slope-intercept form of all three

X
— 24
lines: (wa y) — (27 2) and J 2 + implies

5
2 Z =140
5 th =1

while ¥ = 2T + Cimplies2 =2-2+c=4+ csoc = —2.

Aiso, T + Y = 10imgjies ¥ = —Z + 10 1ys the lines

x
y=—-+1lLy=2x—-2 _
are 2 ’ ,and Yy=——x + 10. Now we find
the intersection points between each of the lines with Yy—=——a + 10,

which are (67 4) and (47 6) Using the distance formula and then the

Pythagorean Theorem, we see that we have an isosceles triangle with

base 2\/5 and height 3\/§ whose area is (C) 6

Solution 2

Like in Solution 1, we determine the coordinates of the three vertices of the
triangle. Now, using the Shoelace Theorem, we can directly find that the area

(©) 6]

is

Solution 3

Like in the other solutions, solve the systems of equations to see that the

triangle's two other vertices are at (47 6) and (67 4). Then apply Heron's



Formula: the semi-perimeter will be S = \/§ + Vv 20, so the area
(C) 6

reduces nicely to a difference of squares, making it

Solution 4

Like in the other solutions, we find, either using algebra or simply by drawing
the lines on squared paper, that the three points of intersection

are (27 2), (47 6), and (61 4). We can now draw the bounding square

with vertices (27 2), (27 6), (67 6) and (61 2), and deduce that the
16—4—2—-4=|(C) 6

triangle's area is

Solution 5
Like in other solutions, we find that the three points of intersection
are (27 2), (47 6) and (67 4). Using graph paper, we can see that this

triangle has 6 boundary lattice points and 4 interior lattice points. By Pick's

6
—+4—1=[(C) 6

Theorem, the area is 2

Solution 6

Like in other solutions, we find the three points of intersection. Label

these A(2> 2), B(4> 6), and 0(67 4). By the Pythagorean
Theorem, AB - AC == 2\/5 and BC = 2\/5. By the Law of

Cosines,

(2v5)% + (2v5)% — (2V2)? _20+20-8 32

cos A =

3
sin A =11 —cos2 A = E

Therefore, so the area

1 1 3
| §bcsinA=§-2\/g-2\/g-g: (C) 6

IS

2.25 .25 40 40

4
5)



Solution 7

Like in other solutions, we find that the three points of intersection
are (27 2), (47 6), and (67 4). The area of the triangle is half the

absolute value of the determinant of the matrix determined by these

1
“ll4 6 1) ==]-12/==-12=][(C) 6
6 4 1| 2 R

2

points.

Solution 8

Like in other solutions, we find the three points of intersection. Label

A(27 2), B(47 6), and 0(67 4). Then
vectors "ﬁ — <27 4> and "ﬁ = <47 2>. The area of the triangle is

half the magnitude of the cross product of these two

k
0
0

these

1 1
= Z|—12k|==-12=[(C) 6
2 2

1
2

= DN .
DN S .

vectors.

Solution 9
Like in other solutions, we find that the three points of intersection

are (27 2), (47 6) and (67 4). By the Pythagorean theorem, this is an

isosceles triangle with base 2\/5 and equal length 2\/5. The area of an

by/4l? — b?

isosceles triangle with base b and equal length lis 4
Plugging

inb:2\/§andl=2\/g,
2v/2-4/80—-8 /576 24
4 4

=Z —[(c) 6




Solution 10

Like in other solutions, we find the three points of intersection. Label

these A(27 2), B(47 6), and 0(6’ 4). By the Pythagorean
Theorem, AB == AC = 2\/5 and BC = 2\/5. By the Law of

Cosines,

y (2v5)2 4+ (2v5)2 — (2v/2)2  204+20—8 32
COs A = - — =
2-2v5-2V5 40 40
3
sin A =1+v1—cos2 A= —
Therefore, D. By the extended Law of
IR a 2\/§ 10\/§ 5\/§
—_— . —_— 3 — —R —
Sines, sin A 5 3 3 Then the
abc_ 2\/5-2\/52 _oY 6
AR~ 4.5v2 (©)
area is 3
Solution 11
The area of a triangle formed by three Iines,a'lx + asxy + a3z = 0
b1z + by + b3 = 0c1x 4+ coy + ¢35 = 0is the absolute value
of
1 a; ao Qs
l . -|by  bs
2 (blCQ — bgcl)(alcz — CLQCl)(ale — G;le) c1 Co

Plugging in the three lines, % + Zy —2=0-2x+ Yy + 2=20

T +y— 10 = Othe area is the absolute value

4
5)

2

of
2
-1 2 =2
1 1 11
—. -2 1 2| ==.—.18=[(C) 6
2 (2-1)(-1-2)(-1+4) | { 1 _10 2 27




Source: Orrick, Michael L. “THE AREA OF A TRIANGLE FORMED BY
THREE LINES.” Pi Mu Epsilon Journal, vol. 7, no. 5, 1981, pp. 294-298.
JSTOR, www.jstor.org/stable/24336991.

2019 AMC 10A Problems/Problem 8

(Redirected from 2019 AMC 12A Problems/Problem 6)
The following problem is from both the 2019 AMC 10A #8 and 2019 AMC
12A #6, so both problems redirect to this page.

Problem

The figure below shows line ? with a regular, infinite, recurring pattern of
squares and line segments.

2\ 2

AN

How many of the following four kinds of rigid motion transformations of the
plane in which this figure is drawn, other than the identity transformation, will
transform this figure into itself?

= some rotation around a point of line !

= some translation in the direction parallel to line /

« the reflection across line £

= some reflection across a line perpendicular to line !

Ao @®1 (©2 @DO3 (E)4

Solution

Statement 1 is true. A 180° rotation about the point half way between an
up-facing square and a down-facing square will yield the same figure.

Statement 2 is also true. A translation to the left or right will place the image
onto itself when the figures above and below the line realign (the figure goes
on infinitely in both directions).

Statement 3 is false. A reflection across line £ will change the up-facing
squares to down-facing squares and vice versa.



Finally, statement 4 is also false because it will cause the diagonal lines
extending from the squares to switch direction. Thus,

(C) 2

only statements are true.

2019 AMC 10A Problems/Problem 12

(Redirected from 2019 AMC 12A Problems/Problem 7)
The following problem is from both the 2019 AMC 10A #12 and 2019 AMC
12A #7, so both problems redirect to this page.

Problem

Melanie computes the mean K, the median M, and the modes of
the 36D values that are the dates in the months of 2019. Thus her data
consist of 12 ls, 12 28, e 12 288, 11 293, 11 308, and 1 318.

Let d be the median of the modes. Which of the following statements is true?
(A)p<d<M @B)YM<d<py (Cd=M=p D)d<M<p E)Yd<p<M

Solution 1

First of all, d obviously has to be smaller than M, since when

calculating M, we must take into account the 293, 308, and 31s. So we
can eliminate choices B and C'. Since there are 365 total entries, the
median, M, must be the 183rd one, at which point we note

that 12-15 is 180, SO 16 has to be the median (because 183 is

between 12 - 15 -+ 1= 181 and 12-16 = 192). Now, the

mean, X, must be smaller than 16, since there are many fewer 29s, 30s,
and 31s. d is less than M, because when calculating K, we would

(E)d<p<M

include 29, 30, and 31. Thus the answer is

Solution 2

As in Solution 1, we find that the median is 16. Then, looking at the
1— 28)

median would remain the same, being 14.5. As for the mean, we note that
the mean of the first 28 is simply the same as the median of them, which

is 14.5. Hence, since we in fact have 29'5, 30‘3, and 31‘3, the mean has
to be higher than 14.5. On the other hand, since there are fewer 29'3, 30

modes ( we realize that even if we were to have 12 of each, their



's, and 31’3 than the rest of the numbers, the mean has to be lower

(E)

than 16 (the median). By comparing these values, the answer is

Solution 3 (direct calculation)

We can solve this problem simply by carefully calculating each of the values,

which turn outtobe M = 16, d = 14.5 and ¥ = 15.7 Thus the
(E)

answer is

2019 AMC 10A Problems/Problem
14

(Redirected from 2019 AMC 12A Problems/Problem 8)
The following problem is from both the 2019 AMC 10A #14 and 2019 AMC
12A #8, so both problems redirect to this page.

For a set of four distinct lines in a plane, there are exactly N distinct points
that lie on two or more of the lines. What is the sum of all possible values

of N ?
(A) 14 (B) 16 (C) 18 (D) 19 (E) 21

Solution

It is possible to obtain O, 1, 3, 4, 5, and 6 points of intersection, as
demonstrated in the following



figures:

A
Y

A
|

\J \J

It is clear that the maximum number of possible intersections

4
=6
\2 | o |
is , since each pair of lines can intersect at most once. We now
prove that it is impossible to obtain two intersections.

We proceed by contradiction. Assume a configuration of four lines exists such
that there exist only two intersection points. Let these intersection points
be A and B. Consider two cases:

Case 1: No line passes through both Aand B

Then, since an intersection is obtained by an intersection between at least
two lines, two lines pass through each of A and B. Then, since there can be
no additional intersections, no line that passes through A can intersect a line
that passes through B, and so each line that passes through A must be
parallel to every line that passes through B. Then the two lines passing
through B are parallel to each other by transitivity of parallelism, so they
coincide, contradiction.

Case 2: There is a line passing through Aand B

Then there must be a line la passing through A and a line lb passing

through B. These lines must be parallel. The fourth line [ must pass through
either A or BB. Without loss of generality, suppose l passes through A.



Then since [ and la cannot coincide, they cannot be parallel.

Then { and lb cannot be parallel either, so they intersect, contradiction.

All possibilities have been exhausted, and thus we can conclude that two
intersections is impossible. Our answer is given by the

0+ 1+3+4+5+6=(D) 19

su

2019 AMC 10A Problems/Problem 15

(Redirected from 2019 AMC 12A Problems/Problem 9)
The following problem is from both the 2019 AMC 10A #15 and 2019 AMC
12A #9, so both problems redirect to this page.

Problem
3
_ 1 2= 7
A sequence of numbers is defined recursively by @1 = 1, 7,
Ap_2 *Ap_1
a, =
and 20p_2 — Qpn_1foral M = 3 Then @2019 can be written
p

as Q, where P and 4 are relatively prime positive integers. What is p + q?

(A) 2020  (B) 4039  (C) 6057 (D) 6061  (E) 8078

Solution 1

3 3

a3 = —— Q4 = —¢

Using the recursive formula, we find 11, 15, and soon. It
3
appears that 4n — 1, for all 1. Setting Ml = 2019, we
; 8078
a2019 = Sme E 7

find 8075, so the answer is ( ) .



To prove this formula, we use induction. We are given
3
s = —
that @1 = 1 and 7, which satisfy our formula. Now assume the

formula holds true for all 0 < 77 for some positive integer 770. By our

3 3
Qm-—-1 — ——— Qpy — ———
assumption, m=l 4m — 5 and " 4m — 1. Using the
recursive
formula,
e g (s we)Umosn-) 9 3
R N = (2 3 - 75) @m—5)am —1)  60@m—1)=3(4m =5) —dm+1) =1’

so our induction is complete.

Solution 2

Since we are interested in finding the sum of the numerator and the

1
b, = —
denominator, consider the sequence defined by A,
1 2an_2 — Ay 2 1
We have n Qp—2 - Ap—1 an—1 Qn—2, soin other

words,

bn — 2bn_1 - bn_g — 3bn_2 - an_g — 4bn_3 - 3bn_4 — ...

By recursively following this pattern, we can see

that On = (n—1)-by—(n—2)-by

By plugging in 2019, we thus

7 8075
bao1o = 2018 - 3~ 2017 = — =

find 3 . Since the numerator

(E) 8078 |

and the denominator are relatively prime, the answer is
-eric2020

Solution 3

It seems reasonable to transform the equation into something else.
Let@n =— X An—1 = Y and Gn—2 = Z. Therefore, we



o _Y9
have 2z —y2xz —xy = zyQCL‘Z - y(CL‘ + z)

2xz
y =
T + ZThus, Y is the harmonic mean of I and 2. This implies @n is
1
b, = —
a harmonic sequence or equivalently Qn s arithmetic. Now, we
7 11
b2 —_- = b3 —_
have bl — 1, 3, 3 , and so on. Since the common
4 4
= 5 b, ==-(n—1)+1
difference is 3 we can express Yn explicitly as 3 :
4 8075
b201g - —(2019 - 1) + 1 -
This gives 3 3 which

3 P
2019 = Q075 5.p+ qg=|(E) 8078

implies ~jakeg314

2019 AMC 10A Problems/Problem 16

(Redirected from 2019 AMC 12A Problems/Problem 10)
The following problem is from both the 2019 AMC 10A #16 and 2019 AMC
12A #10, so both problems redirect to this page.

Problem

The figure below shows 13 circles of radius 1 within a larger circle. All the
intersections occur at points of tangency. What is the area of the region,
shaded in the figure, inside the larger circle but outside all the circles of
radius 17?7



A)4rv3 @) 7 (©n(3v3+2) (D) 10r(V3-1) (B) 7 (V3+6)

Solution 1



In the diagram above, notice that triangle OAB and triangle ABC are
congruent and equilateral with side length 2. We can see the radius of the
larger circle is two times the altitude of OAB plus 1 (the distance from
point C'to the edge of the circle). Using 30° — 60° — 90° triangles,

we know the altitude is \/g Therefore, the radius of the larger circle

is 2\/§+ 1.

The area of the larger circle is

s (2\/§—|— 1)27r = (13 + 4\/§) s

areas of the smaller circles is 1371', so the area of the dark region

(13 + 4\/5) m— 137 = | (A) 473

, and the sum of the

is

Solution 2

We can form an equilateral triangle with side length 6 from the centers of
three of the unit circles tangent to the outer circle. The radius of the outer



circle is the circumradius of the triangle plus 1. By
abc a

6
R=— R=—— —= +1
using 4A or 2 sin A we get the radius as \/g

7r((i +1)%2 —13) =|(A) 47V3

The shaded area is thus \/_

Solution 3

Like in Solution 2, we can form an equilateral triangle with side length 6 from
the centers of three of the unit circles tangent to the outer circle. We can find

the height of this triangle to be 3\/5. Then, we can form another equilateral

triangle from the centers of the second and third circles in the third row and
the center of the bottom circle with side length 2. The height of this triangle is

clearly \/g Therefore the diameter of the large circle is 4\/§ ~+ 2 and the

4/ 3 + 2
L:2ﬁ+1

radius is 2 . The area of the large circle is
thus

7r(2\/§+ 1)2 = (13+4\/§) = 137 + 47v/3

The total area of the 13 smaller circles is 137T, so the shaded area

(1371' + 47r\/§> — 137 =|(A) 47V3

is

Solution 4



‘a
[

In the diagram above, AB = 4 and BC = 2,

SO AC = \% 42 — 22 = 2\/§. The larger circle's radius

is AC +1= 2\/§ + 1, so the larger circle's area

K (2\/§+ 1)2 o (13+4\/§) =137+ 473

Now, subtracting the combined area of the smaller circles

137 4+ 47vV/3 — 137 = (A) 473

gives

2019 AMC 10A Problems/Problem 18

(Redirected from 2019 AMC 12A Problems/Problem 11)

The following problem is from both the 2019 AMC 10A #18 and 2019 AMC
12A #11, so both problems redirect to this page.

Problem



For some positive integer k, the repeating base-k representation of the

7
(base-ten) fraction 51 is 0.23% = 0.232323...1. whatis k»

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17
Solution 1

We can expand the fraction 0.23k as

follows:

023, =2 - k' +3- k24+2- k3 +3-k*+ ..

Notice that this is equivalent
to

20k '+ E TP+ kT + L)+ 3P ET R+

By summing the geometric series and simplifying, we

2k +3 7

have k2 —1 o1. Solving this quadratic equation (or simply testing

k=[(D) 16

the answer choices) yields the answer

Solution 2

Let A = 0.2323 .. -k. Therefore, k2a = 23.2323 .. k.

From this, we see that k*a —a = 23k,
235 2k + 3 7

a = = = —

s0 k2 —1 k2 —1 51.

Now, similar to in Solution 1, we can either test if 2k + 3 is a multiple of 7

with the answer choices, or actually solve the quadratic, so that the answer

(D) 16

is

Solution 3 (bash)




We can simply plug in all the answer choices as values of k?, and see which

(D) 16
one works. After lengthy calculations, this eventually gives us as
the answer.

Solution 4
2k + 3 7
Just as in Solution 1, we arrive at the equation k2 —1 51.
2k + 3 7 7

We can now rewrite this as (k o 1)(k + 1) B 51 B 3 - 17.
NoticethatZk +3 = 2(k + 1) +1= Q(k" - 1) + 5.

As 17 isa prime, we therefore must have that one of k — land k’ -+ 1 is

divisible by 17. Now, checking each of the answer choices, this

(D) 16

gives

2019 AMC 12A Problems/Problem 12

Problem

Positive real
numbers 7é 1 and Y 3& 1 satisfy 10g2 L= log’y 16 and LY — 64.

What is (10g2 5)2?
(A) 22—5 (B) 20 (C) % (D) 25 (E) 32
Solution 1

Lot 108, x = log, 16 = k, o

4
that2k — xandyk =16 = Yy = zk.Thenwe
have (Qk)(Q%) — 2k+% — 26.



4
k+—=6

2
We therefore have k , and deduce k - Gk + 4 = 0. The
solutions to this are k‘ — 3 + \/g

To solve the problem, we now
find
(log, £)? = (log, = — log, y)? = (k — £)” = 3+ V6 — 142)? = B3+ V5 -3 5 V5)? = (£2V5)? =

Solution 2 (slightly simpler)

4
k+—-=6
After obtaining k , hotice that the required answer
is
(I~c—%)2:k2 8+]1€—§: <k2+8+;—§> —16 = <k+%)2—16:62—16:20
, as before.
Solution 3
1 4
log, () = log, ()
From the given data, ? loglﬁ (y) or ? 10g2 (y)
64

r = —

We know that LY = 64, so Y.
64 4 4
log,(—) = 6 — log,(y) =
Thus ’ Yy 10g2 (y) , SO ? 10g2 (y)
s0 6(10g,(y)) — (log,(y))* =4
Solving for 10g2 (y) we obtain 10g2 (y) =3+ \/g
4
log,(z) =

Easy resubstitution further gives ’ 3 + \/g Simplifying, we

obtain 10g2 (ZE) =3 - \/g

2
Looking back at the original problem, we have What is ( 082 Y )



2
Deconstructing this expression using log rules, we get (10g2 L — 10g2 y) .

Plugging in our known values, we

get (B3 —V5) — (3+ V5))* (—2V5)?
(B) 20|

Our answer is

Solution 4

Multiplying the first equation by 10g2 Y, we obtain 10g2 X - 10g2 Y= 4.
From the second equation we
have 108, T + log, y = log,(zy) = 6

Then,

T
(log, - )* = (log, @ — log, )* = (logy @ + log, )* — dlog, @ - log, y = (6)° — 4(4) = 20 =

Solution 5

Let A = 10g, @ 5ng B = log, y
log, 16
log, t = ———
Writing the first given as 10g2 Y and the second

as 108y T + log, y = log, 64
getA- B=4andA+B: 6.

Solving for B we get B=3+ \/5
(A—-B)*

Our goal is to find

(6—23):<2\/5)2=20:> B|

. From the above, it is equal

to



2019 AMC 12A Problems/Problem 13

Problem

How many ways are there to paint each of the integers 27 37 R 9 either red,

green, or blue so that each number has a different color from each of its proper
divisors?

(A) 144 (B)216 (C)256 (D)384 (E) 432

Solution 1

The D and 7 can be painted with no restrictions because the set of integers does
not contain a multiple or proper factor of 5or (. There are 3 ways to paint each,

giving us 9 ways to paint both. The 2 is the most restrictive number. There
are § ways to paint 2, but without loss of generality, let it be painted

red. 4 cannot be the same color as 2 or 8, so there are Z ways to paint 4, which

automatically determines the color for 8. 6 cannot be painted red, so there

are 2 ways to paint 6, but WLOG, let it be painted blue. There are Zchoices for

the color for 3, which is either red or green in this case. Lastly, there are Z ways

to choose the color for 9.

9.3.2.2.2.2=|(E) 432

Solution 2

We note that the primes can be colored any of the 3 colors since they don't have
any proper divisors other than 1, which is not in the list. Furthermore, 6 is the
only number in the list that has 2 distinct prime factors (namely, 2 and 3), SO we
do casework on 0.

Case 1: 2 and 3 are the same color

In this case, we have 3 primes to choose the color for (2, 5, and 7).
Afterwards, 4, 6, and 9 have two possible colors, which will determine the color

of 8. Thus, there are 33 . 23 = 216 possibilities here.



Case 2: 2 and 3 are different colors

In this case, we have 4 primes to color. Without loss of generality, we'll color

the 2 first, then the 3. Then there are 3 color choices for 27 57 7, and 2 color

choices for 3. This will determine the color of 6 as well. After that, we only need
to choose the color for 4 and 9, which each have 2 choices. Thus, there

are 33 : 23 = 216 possibilities here as well.

216 + 216 = [(E) 432

Adding up gives

Solution 3

2> 47 8 require different colors each, so there are 6 ways to color these.

5and 7 can be any color, so there are 3 %X 3 ways to color these.

6 can have 2 colors once 2 is colored, and thus 3 also has 2 colors following 6,
which leaves another 2 for 9.

6Xx3X3Xx2Xx2x2=432=|F|

All together:

2019 AMC 12A Problems/Problem 14

Problem

For a certain complex number C, the
polynomial

P(z) = (2° — 22 + 2)(2® — cx + 4)(2° — 4 + 8), 45
exactly 4 distinct roots. What is |l
(A)2 (B)V6 (C)2v2 (D)3 (E) V10

Solution

The polynomial can be factored further broken down into
Pz)=(x—[1—i])(z -1 +1])(z — [2 — 2i])(z — [2 + 2i])(z® — cz + 4)



by using the quadratic formula on the quadratic factors. Since the first four roots

2
are all distinct, the term (CC —Cx + 4) must be a product of any
combination of two (not necessarily distinct) factors from the

set: (x o [1 o Z])a (m o [1 + Z])a (m _ [2 o 2i])>and
(x —[2
multiplied together. The only combinations that work

are (37 o [1 o i])and (m o [2 + 22])

or (T = [1+14]) ang ( — [2 = 24]) \when multiplied together, the

polynomial is

ither (2~ + [=3 + 1]z +4) (2° + [-3 —i]z + 4)
el = | (®) V10|

+ 22] ) We need the two factors to yield a constant term of 4 when

Therefore, C = -3+ 7 and

2019 AMC 12A Problems/Problem 15

Problem

Positive real numbers @ and b have the property

that'V log a—+ log b + log \/5 + log \/5 — 100and all four

terms on the left are positive integers, where log denotes the base 10 logarithm.
What is ab?

(A) 102 (B) 10!  (C) 10'* (D) 10'*  (E) 10*®
Solution 1

Since all four terms on the left are positive integers, from V log a’, we know

that both log @ has to be a perfect square and @ has to be a power of ten. The
same applies to b for the same reason. Setting @ and bto 10* and 10y,

where T and Y are the perfect squares, @b = 107"Y._ By listing al

2 2
the perfect squares up to 14 (as 15%is larger than the largest possible sum




of Z and Y of 200 from answer choice ), two of those perfect squares must
add up to one of the possible sums of I and Yy given from the answer choices

(52,100, 144, 164, or 200).

Only a few possible sums are

seen: 16 + 36 = 52 36 + 64 = 100 64 + 100 = 164,
100 + 100 = 200, and 4 + 196 = 200. By testing each of these

Va+ Vb4 2+ 2 =100

(seeing whether 2 ), only the

par & = 64 and ¥ = 100 yor. Therefore, @ and b are 10%% ang 10100,

(D) 10164

and our answer is

Solution 2

Given that V log a and V log b are both integers, @ and b must be in the

2 2
form 10™ and 10™ , respectively for some positive integers 770 and T1. Note

2
m
logv/a = —
that 2. By substituting for a and b, the equation
2 2
m n
m+n+ — + — =100
becomes 2 2 . After multiplying the equation by

2 and completing the square with respect to 711 and T, the equation

becomes (’I’I’L + 1)2 + (n + 1)2 — 202. Testing squares of positive

2 2
integers that add to 202, 117 + 9 is the only option. Without loss of
generality, let 71 = 10andn = 8 Plugging in 717 and 77 to solve

for @ and b givesus 4 — 10100 andb = 1064.

ab = | (D) 10'%4

Therefore,

2019 AMC 10A Problems/Problem 20



(Redirected from 2019 AMC 12A Problems/Problem 16)
The following problem is from both the 2019 AMC 10A #20 and 2019 AMC
12A #16, so both problems redirect to this page.

Problem

The numbers 17 27 Ty 9 are randomly placed into the 9 squares of

ad X 3 grid. Each square gets one number, and each of the numbers is
used once. What is the probability that the sum of the numbers in each row
and each column is odd?

1 1 5 2 1
(A) 21 (B) 1 (C) 63 (D) 21 (E) -
Solution 1

Note that odd sums can only be formed by (6) ¢, 0) or (07 0, 0)7 so we

focus on placing the evens: we need to have each even be with another even
in each row/column. It can be seen that there are 9 ways to do this. There
are then ! ways to permute the odd numbers, and 4! ways to permute the

5!-4!.9 1
— " " _ (B —
® 5|

9!

even numbers, thus giving the answer as

Solution 2

By the Pigeonhole Principle, there must be at least one row with 2 or more
odd numbers in it. Therefore, that row must contain 3 odd numbers in order
to have an odd sum. The same thing can be done with the columns. Thus we
simply have to choose one row and one column to be filled with odd numbers,
so the number of valid odd/even configurations (without regard to which
particular odd and even numbers are placed where) is 3:-3 =29 The

9

denominator will be , the total number of ways we could choose
which 4 of the 9 squares will contain an even number. Hence the answer

9 1
is(_g) B (B) ﬁ

4
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Problem

Let Sk denote the sum of the kth powers of the roots of the

3 2 — _
polynomial L~ — 5Z° + 8% — 13 In particular, So = 3, S1 = 5,
and S2 = 9. Let a, b, and C be real numbers such
that Sk+1 = @ Sk + bsp_1+ CSk—2fork = 2,3, ....What

isa+ b+ c?
(A) -6 (B)0 (C)6 (D)10 (E)26

Solution 1

Applying Newton's Sums (see this link), we

haveSk+1 + (—5)sx + (8)s—1 + (—13)s,_2 = 0,
s0Sk+1 = 98k — 8Sk—1 + 13810—27we get the answer
O+ (—=8)+13=10

Solution 2

Let P Q, and 7" be the roots of the polynomial. Then,

p® —5p° +8 —13=0

q° —5¢° +8;—13=0

> —5r*+ 8 —13=0

Adding these three equations, we get

P+ +7) =5+ +r)+8p+q+7r)—39=0
S3 — 582 +881 =39



39 can be written as 1330, giving
S3 = 582 — 881 + 1380

We are given that Sk+1 — @ Sk +bsp_1+CSp_2 is satisfied
fork = 2, 3, ...., meaning it must be satisfied when k = 2, giving
us S3 = a Sz + bsy + ¢ s,

Therefore, @ = 5,b = _8, and ¢ = 13 by matching coefficients.

5—84 13 =[(D) 10

Solution 3

Let Py 4, and 7" be the roots of the polynomial. By Vieta's Formulae, we have

p+q+r=>5
pqg+qr+rp=38

pgr = 13

k k k _
Weknow Sk = P + @ + T Consider (p +4q+ T)(Sk) - 58k.
55, = [pk+1 4 qk+1 4 ,rk+1] +pkq+pkr+qu _|_qk7, —|—ka 4 qu

Using P47 = 13and Sk—2 = pk_2 + qk_2 + Tk_2, we

see 13sk_2 = p*'qr + pg*~'r + pgr*"

We

have

55k + 13852 = seq1 + (0°q + p'r + P qr) + (pd" + pg" ' + ¢Fr) + (pgr* Tt 4 pr¥ 4+ gr*)
= sep1 + 0" (pg 4+ pr+ qr) + " pg + pr+ qr) + " (pg + pr+ qr)
= sk + (0" ¢+ ) (pg 4 pr+gr)
=55k + 13552 = Spq1 + 851

Rearrange to get Sk+1 — 58k — 8Sg—1 + 135k 2



L a+btc=5-8+13=[(D) 10

2019 AMC 10A Problems/Problem 21

(Redirected from 2019 AMC 12A Problems/Problem 18)

The following problem is from both the 2019 AMC 10A #21 and 2019 AMC
12A #18, so both problems redirect to this page.

Problem

A sphere with center O has radius 6. A triangle with sides of

length 157 15, and 24 is situated in space so that each of its sides is

tangent to the sphere. What is the distance between O and the plane
determined by the triangle?

(A)2vV3 (B)4 (C)3vV2 (D)2vs (E)5

Diagram

Py T

3D: Plane

15 15

through triangle: 24



Solution 1

The triangle is placed on the sphere so that its three sides are tangent to the
sphere. The cross-section of the sphere created by the plane of the triangle is
also the incircle of the triangle. To find the inradius,

use area = inradius - semiperimeter, the area of the triangle

can be found by drawing an altitude from the vertex between sides with
length 15 to the midpoint of the side with length 24 The Pythagorean
triple 9-12-15 allows us easily to determine that the base is 24 and the

base - height

height is 9. The formula 2 can also be used to find the area
of the triangle as 108, while the semiperimeter is
15+ 15+ 24
=27
simply 2 . After plugging into the equation, we thus

get 108 = inradius - 27, so the inradius is 4. Now, let the distance
between O and the triangle be I. Choose a point on the incircle and denote
it by A. The distance O A is 6, because it is just the radius of the sphere.
The distance from point A to the center of the incircle is 4, because it is the
radius of the incircle. By using the Pythagorean Theorem, we thus

=162 —42 = /20 = | (D) 2\/5_

find

Solution 2

As in Solution 1, we note that by the Pythagorean Theorem, the height of the
triangle is 9, and that the three sides of the triangle are tangent to the sphere,
so the circle in the cross-section of the sphere is the incenter of the triangle.

Recall that the inradius is the intersection of the angle bisectors. To find the
inradius of the incircle, we use the Angle Bisector

B
15

A 19 D C

Theorem.



AB AD

BI DI
L1512
BI DI
BI DI
5 B 4 Since we knowthatBI‘I—DI (the height) is equal

to 9, DI (the inradius) is 4. From here, the problem can be solved in the

(D) 2v5|

same way as in Solution 1. The answer is

2019 AMC 12A Problems/Problem
19

Problem
In AABC with integer side
lengths,
11 7 1
cos A = —, cos B = —, and cosC = ——.
16 8 4

What is the least possible perimeter for NABC?

(A)9 (B)12 (C)23 (D)27 (E)44

Solution 1

Notice that by the Law of Sines, Q : b:c=sinA :sin B : sin C, SO
: 2 2
let's flip all the cosines using SIN~ T + COS™ X = 1 (sine is positive

(@] o]
for 07 < < 180 , SO we're good there).

E %E Vi5

sin A = ——, sin B = ——, and sinC =
16 8 4
These are in the ratio 3 : 2 : 4, so our minimal triangle has side lengths 2, 3,
(A) 9]
and 4. is our answer.




Solution 2

£/ AC B is obtuse since its cosine is negative, so we let the foot of the altitude

from C'to ABbe H.Let AH = 11z, AC = 16z, BH =Ty,
and BC = 8y By the Pythagorean

Theorem. CH = /25622 — 12122 = 32V/15 ang

CH = \/64y? — 49y = y\/1_5 Thus, Y = 3. The sides of the

triangle are then 16%, Iz + 7(3x) - 3233, and 241,‘, so for some

integers a, b, 16 = a and 2dx = b, where @ and b are minimal.

a b
Hence, 16 24, or3a = 2b. Thus the smallest possible positive
1
r = —
integers @ and b that satisfy this are @ = 2andb = 3, SO 8. The

(A) 9

sides of the triangle are 2, 3, and 4, SO is our answer.

2019 AMC 10A Problems/Problem 22

(Redirected from 2019 AMC 12A Problems/Problem 20)
The following problem is from both the 2019 AMC 10A #22 and 2019 AMC
12A #20, so both problems redirect to this page.

Problem

Real numbers between 0 and 1, inclusive, are chosen in the following
manner. A fair coin is flipped. If it lands heads, then it is flipped again and the
chosen number is 0 if the second flip is heads and 1 if the second flip is tails.
On the other hand, if the first coin flip is tails, then the number is chosen

uniformly at random from the closed interval [07 1]. Two random

numbers X and Y are chosen independently in this manner. What is the

1
probability that z—yl > 5



9
@z B ©F @ ®;

Solution

There are several cases depending on what the first coin flip is when
determining L and what the first coin flip is when determining Y.

The four cases are:

Case 1: I is either O or 1, and Y is either O or 1.

0,1]

Case 2: I is either O or 1, and Y is chosen from the interval
Case 3: X is is chosen from the interval [0’ 1], and Y is either O or 1.

Case 4: XU is is chosen from the interval [0? 1], and Y is also chosen from

the interval [07 1].

1

Each case has a 4 chance of occurring (as it requires two coin flips).

For Case 1, we need & and Y to be different. Therefore, the probability for

1

success in Case 1is 2.

1
—, 1
For Case 2, if X is 0, we need Y to be in the interval 2 Af L is 1, we
1
0, -
2

need Y to be in the interval . Regardless of what X is, the

1

probability for success for Case 2 is 2.

By symmetry, Case 3 has the same success rate as Case 2.

For Case 4, we must use geometric probability because there are an infinite

number of pairs (.CU, y) that can be selected, whether they satisfy the

1
2 gives us the following picture

|z —y| >

inequality or not. Graphing
where the shaded area is the set of all the points that fulfill the inequality:



1

The shaded area is 4, which means the probability for success for case 4

1

is 4 (since the total area of the bounding square, containing all possible

pairs, is 1).

Adding up the success rates from each case, we get:
1 LS S O 7
4 2 2 2 4) 16 |

2019 AMC 12A Problems/Problem
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Problem

1+
Z =

Let V2 What




11 1 1
(z12+z22+z32+---+z122)-< bttt )?

12 22 32 z122
(A)18 (B)72-36v2 (C)36 (D)72 (E) 72+ 36V2
Solution 1

Note that © — cis(45°)_

k+8

Also note that £ k— Z for all positive integers k because of De Moivre's

Theorem. Therefore, we want to look at the exponents of each term modulo 8.

127 527 and 92 are all 1 (mOd 8)
227 627 and 102 are all 4 (mOd 8)
327 727 and 112are all 1 (mOd 8)

427 827 and 122 are all 0 (mOd 8)

Therefore,

= = = cis(45°)

22 =5 =0 = cis(180°) = —1
2= = = cis(45°)

A= =7 = cis(0°) =1

22 32 122
( +z25 +2 ++z ) -
The term thus simplifies

0 6cis(45°

, wWhile the

( e ) b
term le Z22 Z32 Z122 simplifies to CiS(45O).

cis(45°) (C) 36|

Upon multiplication, the cancels out and leaves us with




Solution 2

B 1
2] = 1ypen” ~ 2
It is well known that if 2| = then Z . Therefore, we have that the
desired expression is equal

to(z1 + z* -+ z° + ... F 2144) (Zl + 4 + =9 T 2144)

27

We know that 2 = € 4 soZ = € 4 . Then, by De Moivre's Theorem, we

(e% 4+ e 4.+ 62“) (e

17

= e +62z’7r)

have

36]

which can easily be computed as

See Also

2019 AMC 12A Problems/Problem 22

Problem

Circles W and 7Y, both centered at O, have radii 20 and 17, respectively.
Equilateral triangle ABC whose interior lies in the interior of W but in the

exterior of 7/, has vertex Aon W), and the line containing side BC(Cis tangent

BP

to Y. Segments AO and BC intersect at P, and C'P
m p

3

Then A B can be written in the form \/ﬁ \/a for positive
integers TN, N, P, 4 with ng(ma n) — ng (pa q) — 1. What
isM +N+P+ ¢

(A)42 (B)86 (C)92 (D) 114 (E) 130

Solution



Let S be the point of tangency between BC and 7, and M be the midpoint

ofm. Note that AM 1 BSand OS L BS. This implies

that L/OAM = LZAOS, and ZAMP = ZOSP.
Thus, APMA ~ APSO.

If we let S be the side length of AABC, then it follows

a3, pu_® Ap_ Y13

that 2 and 4. This implies that 4
AM  2V3
w AP V13
AM + SO AM
Futhermore,  AO AP (pecavse APMA ~ APSO

S




LBs 417 2/3

) so this gives us the equation 20 B \% 13to solve for the side
V39
s+ 17v13 = 40V/3

length S, or AB Thus,
34

V39 80

_ _17+/138 = — — AB
2 S = 40\/§ 17v 13 /—13 \/g
problem asks

form+n+p+q=80+13+34+3= (E) 130

The

2019 AMC 12A Problems/Problem 23

Problem

Define binary

operations <> and @ by

1
al)b= a'°s7(®) and a Qb= a™s7® 4 real

numbers @& and b for which these expressions are defined. The

sequence (a’n) is defined recursively
by @3 = 30 2andn = (n O (’I’L - 1)) ¥ A —Ifor all
integers TV > 4 1o the nearest integer, what is log7(a2019 )?

(A)8 (B)9 (C)10 (D)1l (E) 12

Solution 1

By definition, the recursion

1 logz(an—1) log7(a,_1)
an — (nlog'ﬂn—li) =N Tog7(n—1)
becomes . By the

I IOgn_ an—1
change of base formula, this reduces to @n. — T 1( ). Thus, we



have logn (a’n) — logn— 1 (a’n— 1 ) Thus, for each positive

integer 777 > 3, the value of logm (aﬂ"») must be some constant value K.

1
We now compute K from @3, It is given that @3 = 302 = 31037(25’

1 1
k = log.(az) =log, | 3¥7e7®@ | = ——— = log, (7
o= logy(as) = logy (3777 ) = s = logy(7)

Now, we must have 1Og2019 (a'2019) =k = 10g2(7). At this point, we

simply switch some bases around. For those who are unfamiliar with logarithms,
we can turn the logarithms into fractions which are less intimidating to work with.

log agerg  log7 N log azp9  log 2019
log 2019  log 2 log7  log2

log,(a2010) = log,(2019) ~ |11

—> log,(az019) = log,(2019)

We conclude that

D

, Or

choice

Solution 2

Using the recursive

definition, @4 = (4 © 3) <> (3 © 2) or A4 = (4m)n where
1

m—= —— : 1 5
10g7(3) and TV = 10g7(3 °8T ) Using logarithm rules, we can
. 10g7(3)
remove the exponent of the 3 so that 10g7(2).

1
Therefore, A4 = 41°g7(2j, whichis 4 O 2.

We claim that @n = 7 2t0ral ™ > 3. We can prove this through

induction.

an = (n0(n—-1))¢((n-1)V2)

This can be simplified as 4n = ((nlog”_1(7)) ¢ ((n— 1)10g2(7))).



Applying the diamond operation, we can

__ . h _ . _ 1)log2(7)
simplify @n = TV where h = 10gn—1(7) log7(n 1) . By
using logarithm rules to remove the exponent of 10g7(n o 1) and after

1
h=——
cancelling, 10g7(2).

1
Therefore, An, = N1°E7TE) = nQ 2t0rann > 3 completing the

induction.

_ logo (7
We have 42019 — 2019 2 ). Taking 1Og2019 of both sides gives

us 1Og2019 (0'2019) — 10g2 (7) Then, by changing to base 7 and after

cancellation, we arrive at 10g7(a2019) - 10g2 (2019).

(D) 11|

Because 211 = 2048and 210 = 1024, our answer is

2019 AMC 10A Problems/Problem 25

(Redirected from 2019 AMC 12A Problems/Problem 24)
The following problem is from both the 2019 AMC 10A #25 and 2019 AMC
12A #24, so both problems redirect to this page.

Problem
(n? —1)!

1\
For how many integers 70 between 1 and 50, inclusive, is (’I’L) an
integer? (Recall that 0! = 1)

(A)31 (B)32 (C)33 (D)34 (E)35

Solution

The main insight is that

(n?)!
(n!)ntl



is always an integer. This is true because it is precisely the number of ways to
split up n2 objects into Tlunordered groups of size Tl. Thus,
(n? —1)! (n?)!  n!

() (p)ntl p2

2 | — |
is an integer if T¥ | T2 or in other words, if T | (n — 1)! This condition

is false precisely when T = 4 or nis prime, by Wilson's Theorem. There
are 15 primes between 1 and 50, inclusive, so there are 15 + 1 = 16 terms
for which

(n? —1)!

(n!)"
is potentially not an integer. It can be easily verified that the above expression
is not an integer for 1. — 4 as there are more factors of 2 in the denominator
than the numerator. Similarly, it can be verified that the above expression is

not an integer for any prime T = P, as there are more factors of p in the
denominator than the numerator. Thus all 16 values of n make the expression

50 — 16 = | (D) 34

not an integer and the answer is

2019 AMC 12A Problems/Problem 25

Problem

Let AAO BO C'0 be a triangle whose angle measures are

exactly 59.9990, 600, and 60.0010. For each positive

integer 1 define An to be the foot of the altitude from An—l to
line Bn—lcn—l. Likewise, define Bn to be the foot of the altitude
from Bn—l to line An—l Cn—l, and Cn to be the foot of the altitude

from Cn—l to line An—an—l. What is the least positive integer 71 for

which A1411 BnCn is obtuse?



(A)10 (B)11 (C)13 (D)14 (E)15

Solution

For all nonnegative integers 7,

let ACnAan — Tn, éAanCn = Yn,
and ABnCnAn = Zn.

Note that quadrilateral A0 BoA1B1 s cyslic

since ZAo A1 By = LAoB1Bo = 90°.

thus, ZAoA1B1 = LAoBoB1 = 90° — x¢_By a similar
argument, ZA0A1C1 = LA CoCy = 90° —

Thus, £1 = LA0A1B1 + LAoA1C, = 180° — 220 By o
similar argument, Y1 = 180° — 290 ang 21 = 180° — 22

Therefore, for any positive integer 71, we

o]
have Tn, = 180° — 2x,,_4 (identical recurrence relations can be derived

for Yn and <n). To find an explicit form for this recurrence, we guess that the

—2)%

constant term is related exponentially to 72 (and the coefficient of L0 is (

— n __O\n
Hence, we let Ln = P4 +7r+ ( 2) L0 We will solve for P q
and 7" by iterating the recurrence to

obtain T1 = 180° — 2z¢ x5 = 4o — 180°
and T3 = 540 — 8z, Letting 7? = 1,2,3 respectively, we
pq +r = 180 (1)
pg® +r = —180 (2)
have pq3 +7r = 540 (3)



Subtracting (1)from (3) we have pq(q2 T 1) — 360, and
subtracting (1)from (2) gives pq(q - 1) — _360 Dividing these two
equations gives ¢ T l=-1sq9=-2 Substituting back, we

get P = —60 and 7 = 60.

We will now prove that for all positive
integers N,

Tn = —60(—2)" + 60 + (=2)"zo = (—2)"(zo — 60) + 60
via induction. Clearly the base case of 70 — 1 holds, so it is left to prove

that Tnt1 = (—2)"" ' (@0 — 60) + 60

hypothesis holds for Tl. Using the recurrence relation, we

Tpy1 = 180 — 2z,
— 180 — 2((—2)" (0 — 60) + 60)
— (=2)"* (2, — 60) + 60

Our induction is complete, so for all positive

ntegers 11, Tn = (—2)" (o — 60) + 60

for Yn and Zn.

assuming our inductive

have

. Identical equalities hold

The problem asks for the smallest 70 such that either £n, Yn, or Zn is greater

than 90°. WLOG, let Lo = 60° Yo = 59.999° ;4 zo = 60.001°
Thus, Tn = 60° toram, Yn = —(—2)"(0.001) 4 60
2 = (=2)™(0.001) + 60

and . Solving for the smallest possible value

o
of 10 in each sequence, we find that 7 = 15 gives Yn =~ 90 . Therefore, the
(E) 15

answer is




