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INSTRUCTIONS | 8§

. DONOT TURN TO THE NEXT PAGE UNTIL YOUR COMPETITION

MANAGER TELLS YOU TO BEGIN.
FEARNCE % EITF % H5 7R > 1 A ZERIIT bt T -

. This is a 15-question competition. All answers are integers ranging from 000 to

999, inclusive.
X BRI SES H Y TE5E o 5 8 H B R ARZ 0009991 4L (F2
#5000£1999) o

. Mark your answer to each problem on the answer sheet with a #2 pencil. Check

blackened answers for accuracy and erase errors completely. Only answers that are
properly marked on the answer sheet will be scored.

S R % 0 # 2B BRI T L - TR R 1
eI - T 52 2 BERESRAE R o PUBIR SR (e B R
LU -

. SCORING: You will receive 1 point for each correct answer, 0 points for each

problem left unanswered, and 0 points for each incorrect answer.
PO RHEEIH B XRL  NEROD  BHER0S o

. Only blank scratch paper, rulers, compasses, and erasers are allowed as aids.

Prohibited materials include calculators, smartwatches, phones, computing devices,
protractors, and graph paper.

HREM A 22 AR RRAR ~ RF ~ RIS B E 4B TR » A irias A
TS S ERETR  TAL S - B - AR -

. Figures are not necessarily drawn to scale.

B L 22 )

. Please bubble in carefully the mobile phone number used for registration. This

mobile phone number will be used as your unique identification number. The
wrongly filled mobile phone number could lead to invalid test score, and such
consequence has to be borne by the participant.

THTER U _EIRERIR A4 BT FHLS 85 - % TS B A7 0 25 A — SR AR
& ESMARETE > BTSSR SBURSUTR 0 FRA A

. You will have 3 hours to complete the competition once your competition manager

tells you to begin.
WS BV EATIFARIG > VR A 3 /NI R ] 52 JR FE2E o

. All the problems are written in both English and Chinese. In case of any

discrepancy between the two versions, the English version shall prevail.
JIT A P Tt ] B S SCRI SOt © Q2R PRI RROAS Z R FEZE 57+ LASESCRR
A HE o
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1. Find the sum of the 11th terms of all arithmetic sequences of integers

that have first term equal to 4 and include both 24 and 34 as terms.

FRBAA 4, L4 244034 89 EMH AR FEHS), RITAZ
HEIBF 69 5 11 | Fe

. Let ABCDE be anonconvex pentagon with internal angles /A = ZE =
90° and /B = /D = 45°. Suppose that DE < AB, AE = 20,BC =
14+/2, and points B, C, and D lie on the same side of line AE. Suppose
further that AB is an integer with AB < 2026 and the area of pentagon
ABCDE is aninteger multiple of 12. Find the number of possible values
of AB.

% ABCDE % — Ao mid#, WA LA = ZE =90°, H /B =
/D =45°. % DE < AB, AE =20, BC =14v2, B % B, C, D
5 F AL AE 69 R . 40 % AB 69K B2 F 2026 69 %4, HAAF
ABCDE #9 @A 2 12 69454k, K AB 69K 69 T At H4E 69 AN 3.

. For each positive integer n let f(n) be the value of the base-ten numeral
n viewed in base b, where b is the least integer greater than the greatest
digit in n. For example, if n = 72, then b = 8, and 72 as a numeral in
base 8 equals 7 - 8 4+ 2 = 58; therefore f(72) = 58. Find the number of
positive integers 7 less than 1000 such that f(n) = n.

N THANEELn, 4 f(n) AKTHF I n A b 4 KeFegE, K
b bR n iR TR RRKFERG TR, Plde, wREn=72, 0
b=8, H72/Ah8###%FF7-8+2=58, E f(72) =58. K
F 1000 Hi#% = f(n) = n 69 EH n 69 A%,
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4. The figure below shows a grid of 10 squares in a row. Each square has a

diagonal connecting its lower left vertex to its upper right vertex. A bug
moves along the line segments from vertex to vertex, never traversing
the same segment twice and never moving from right to left along a
horizontal or diagonal segment. Let N be the number of paths the bug
can take from the lower left corner (A) to the upper right corner (B).
One such path from A to B is shown by the thick line segments in the
figure. Find the sum of the digits of N.

TEARRGZ—/Ad 10 MNEFHHER—FHITHKE. BNETHHRA
—FHEEL LA TRERE LM ENSAL. —R D RTRBERFHEER
IN—ATRESFHE B — AL, BRETAZTR—FEK&K, FHLAEK
FEAIRFAZLRRALE O ESD. ENAHPNERAETA (A) 514 L
i (B) 2R TARAKAZNKE. BPHAEZRITTMAZBY
— &A%, KN BT H T2 Fa,

. An urn contains # marbles. Each marble is either red or blue, and there

are at least 7 marbles of each color. When 7 marbles are drawn ran-
domly from the urn without replacement, the probability that exactly
4 of them are red equals the probability that exactly 5 of them are red.

Find the sum of the four least values of n for which this is possible.

—ANRFTEAn A NER. B AR RRDE, RAAEE, BEMHR
CHRRE VAT A SRR THEALE MY 7 ANMEzRat, BIFR
B4 NLE RGBS TIIFIE 5 M G iRy E. R HEH
TRV A A6 n ag e AN T AL Z e
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6. Find the sum of all real numbers r such that there is at least one point

where the circle with radius r centered at (4,39) is tangent to the parabola

with equation 2y = x2 — 8x + 12.

Chokizhr, BESHE (4,39) $E L5424 2y = x> — 8x + 12 #3u4h
BREVH—AWE, KA ZFG LR )8

. A standard fair six-sided die is rolled repeatedly. Each time the die
reads 1 or 2, Alice gets a coin; each time it reads 3 or 4, Bob gets a coin;
and each time it reads 5 or 6, Carol gets a coin. The probability that
Alice and Bob each receive at least two coins before Carol receives any
coins can be written as I, where m and 7 are relatively prime positive

integers. Find m + n.

— AR LA @B T E LA L3R B4 1 2 8, Alice
125 — KR T A LHh B 3 34 8, Bob 25— 4 5 H
th 5 A5 R 68+, Carol 445 —4sk . Alice = Bob & Carol 3£ 434%
TR HZAEFRFE AR FOBRETALTA L, AdmAfaon &
LRAEEK. Km+n.

. Isosceles triangle AABC has AB = BC. Let I be the incenter of AABC.
The perimeters of AABC and AAIC are in the ratio 27 : 7, and all the
sides of both triangles have integer lengths. Find the minimum possible
value of AB.

*m=fA% NABC # % AB=BC. #% I A NABC #y<. AABC #=
NAIC ¥R ¥ 2 kA 277, BRAZ ARG ALK AR, K&
B AB KE 6 F T AR

9.

10.

11.
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Let S denote the value of the infinite sum

O RO U
9 99 999 9999
Find the remainder when the greatest integer less than or equal to 10%S
is divided by 1000 .
&S RTRG BHK
1 1 1 1
9799 7999 T 999 T

WA, KN FRET 1095 89 % K HH L 1000 49 445

Let AABC be a triangle with D on BC such that AD bisects ZBAC. Let
w be the circle that passes through A and is tangent to segment BC at
D. Let E # A and F # A be the intersections of w with segments AB
and AC, respectively. Suppose that AB = 200, AC = 225, and all of
AE, AF,BD, and CD are positive integers. Find the sum of all possible

values of BC.

H=A% AABC #, D £ BC £4:4% AD F4% /BAC. 4w A%t %
ARLEEDAE5LEBCHamHE. 4E£ARFEF#ANAAw 5L
Ft AB #= AC #9 % %.. {8i% AB =200, AC =225, H AE, AF, BD,
CD WK EH A EES. £ BCWHRKENIA TIRALZ Fo.

Find the greatest integer 1 such that the cubic polynomial
x> — gxz + (n—11)x — 400

has roots a2, ,32, and 'yz, where &, B, and 7 are complex numbers, and

there are exactly seven distinct possible values for a +  + 1.
REREHn, ERZRZAX
x> — gxz + (n —11)x — 400

WA a?, B, 92, P a, B, Y RAHK, Ha+B+yBEHEAR
[3) 69 7T A,
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12. Call finite sets of integers S and T cousins if

13.

e S and T have the same number of elements,
e Sand T are disjoint, and

e the elements of S can be paired with the elements of T so that the

elements in each pair differ by exactly 1.

For example, {1,2,5} and {0, 3,4} are cousins. Suppose that the set S
has exactly 2020 cousins. Find the least number of elements the set S

can have.
e RAANARERESLS A= T it 2

oSHT AAFAMRKRENALE,

ST FiaR, A

oS T AFTALE T Foynk——Hxt, MAETTEZ LML
T AH 1, MARS Fo T A% 0" E 4.

#lde, {1,2,5} #2{0,3,4} % LEE. BRXESS BIFH 2020 Mg T
b RESS HAFEAMNARME.

Consider a tetrahedron with two isosceles triangle faces with side lengths
5v/10,5+/10, and 10 and two isosceles triangle faces with side lengths
54/10,5+/10, and 18 . The four vertices of the tetrahedron lie on a sphere
with center S, and the four faces of the tetrahedron are tangent to a
sphere with center R. The distance RS can be written as 2, where m

and 7 are relatively prime positive integers. Find m + n.

Fk— @ik, EARALKA 510, 5v/10 F2 10 69512 = 4% @,
AT ALK H 5710, 5v/10 2 18 695 1E= A & . 709 @Ak i) A
MEATF—ARCA S kG L, Aawdkdm gL — koA
R&ysmindn. JEH RS TokwA 3, kP mAon I ELR.
Emtn.
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14. Forintegersaand b, letaob =a —bifaisodd and bis even,and a + b

15.

otherwise. Find the number of sequences a1, 4,43, ... ,a, of positive

integers such that
ai+a+az+---+a,=12 and ajoapyoazo---o0a, =0

where the operations are performed from left to right; thatis, a; oap o a3

means (a1 o0 dp) o as.

FEH aFeb, ENFEHLaob A wFa RFKAD RIBE, N
aob=a—b, EMaob=a+b. FH AT GEEKERYF
3 ay,az,a3,...,0, $9ANE:

a+ay+az+---+a, =12 H ajoapoazo---o0a, =0

AP RN AEB A B#AT; Bpajoayoas &5 (aj0a)oas.

Find the number of ordered 7-tuples (a3, a3, a3, . ..,a7) having the fol-

lowing properties:

e a; € {1,2,3} for all k.

® 11 +ay +az + as + a5 + ag + ay is a multiple of 3 .

® 11axa4 + apasas + asagae + asasay + asaegaq + agaza, + ayajas is a
multiple of 3.
RHBRATHRAGHF 7 LW (aq,a2,0a3,...,07) 8943

o 3 F A k, ap € {1,2,3}.

®ay +ay+az+ay+as+ag+ay &3 HEH.

® (10704 + A04305 + A30446 + A4a507 + 5601 + Aed7ay + aza1a3 £ 3
#9455
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