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Problem 1

What is the value in simplest form of the following expression?

VIFVI+a+vVIi+a3+64+4vV1I+3+6+7
T RIE AT ERME N Z D2
VIFVI+a+vVIi+a3+64+4vV1I+3+6+7

(A)5 (B)4+V7+V/10 (©)10 (D)15 (E)4+3vV3+2v5+ V7

Problem 2

What is the value of the following expression?

1002 — 7% (70 — 11)(70 + 11)
702 — 112 (100 — 7)(100 + 7)

R IE A WE R 2 D72
1002 — 72 ‘ (70 — 11)(70 + 11)
707 — 117 (100 — 7)(100 + 7)
0051 4780 108 &1
A) 1l B C) — Dy — E) —
(A) ( }995[} ( }4?1’9 ( }ID? ( ]Eﬂ]
Problem 3

The ratio of w to ris 4 : 3, the ratio of ¥ to zis 3 : 2, and the ratio of zto xis 1 : 6. What is the
ratio of w to I¥?

w L X FIECIE N 4:3, y Eb z IEBME N 3:2, z bb x ERME Dy 1:6, T w kb y i ER 22 /b2
(A)4:3 (B)3:2 (C)8:3 (D)4:1 (E)16:3
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Problem 4

The acute angles of a right triangle are a” and b°, where & = b and both n and » are prime numbers.
What is the least possible value of 4?

—NEMA AP BA N ERY By aokl b b a>h, H a fl b ¥AK%L W b 5
MERZ D ?

(A)2 (B)3 (©5 (D7 (E)1

Problem 5

Teams A and B are playing in a basketball league where each game results in a win for one team

r

2 i
and a loss for the other team. Team A has won i of its games and team [ has won ¥ of its games.

Also, team 12 has won 7 more games and lost 7 more games than team 4. How many games has
team A played?

A BAA B BATE—MEBREC N FTLLEE, Bpedefs, 45REZ MMM, 57— B,

A BT EFiSIMELIEA ST, B T EFi S Ml Ies s, HBILANERT 75
HgE, B ANZRT 7SI 11 ABNBINT £ b8 g

(A)21 (B)27 (C)42 (D)48 (E) 63

Problem 6
(n+2)! — (n+ 1)

For all integers 7 = 9, the value of n! is always which of the following?
(n+2) — (n+ 1)

wFn 2 DA s, Rk n! OB S TR AN 2

(A) A multiple of 4 | 4 #1135 %

(B) A multiple of10 | 10 %%t

(C) A prime number |45 %

(D) A perfect square | —4>52 4 F 7 #

(E) A perfect cube | — A58 437 73K
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Problem 7

Two nonhorizontal, non vertical lines in the #%-coordinate plane intersect to form a 15 angle. One
line has slope equal to fi times the slope of the other line. What is the greatest possible value of the
product of the slopes of the two lines?

xy AABRT-THT A PR 2R AR AT AR S B BRI SS T K 45 W . Herh — SR BRI RIR 2 T3 41
— R ELRIEN 6 1. IBAIX 2 FELIRIAR TR BT REE R 2 D7

2 3
Wz ®: (©; D3 ®6

Problem 8

How many ordered pairs of integers (% ¥) satisfy the equationz™"+ + y* = 2y7?

HL OB (x y) e 4y = 2y7

(A)1 (B)2 (C)3 (D)4  (E) infinitely many

Problem 9

A three-quarter sector of a circle of radius 1 inches together with its interior can be rolled up to form
the lateral surface of a right circular cone by taping together along the two radii shown. What is the
volume of the cone in cubic inches?

BN, —NEE0N 4 FEF I RRIIY 5y 2 =50 50 T R0 B T S e 38, AT Ds a4 & i e
A ARG — G A I R HEA AT o TS (3 AR A AR R D 22 /D S e 2

(A) 375 (B)4rv3  (C)3mV/T (D) 67v3  (E) 677
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Problem 10

In unit square ABCD, the inscribed circle w intersects € 1D at M, and AN intersects v at a
point I* different from A4. What is AFP?

w N T8 IE T ABCD, HMEZERC DT M &, LB AMAZ W TR M AS[E 1
P, B4 AP &£ K?

V5 V5 V5 V5 2v/5
(A) 12 (B) 10 (C) 9 (D) 3 (E) E
Problem 11

As shown in the figure below, six semicircles lie in the interior of a regular hexagon with side
length 2 so that the diameters of the semicircles coincide with the sides of the hexagon. What is the
area of the shaded region—inside the hexagon but outside all of the semicircles?

R, 6 SRR T — AN KN 2 I NI RAES, BRI BRI IE KL &
&, WA E D (TN A EMEAE R B SN XD i 2 0

(A) 63 —37  (B) g —2r  (C)°

(D) 3V3—7 (E) @—w

[ule]
m<.j
[ofl]

I
| =
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Problem 12
Let A8 be a diameter in a circle of radius 5v'2. Let €' 1J be a chord in the circle that

intersects AR at a point 2 such that BE = 2v/5 and ZAEC = 45°. What is CE? + DE*?

ABRERASV2IHRAMER. CDRRNKZAMABLE T A E, WEBE =25,
SARC = A5 RCE? + DE*?

(A)96 (B)98 (C)44v5 (D) 70v2  (E) 100

Problem 13

Which of the following is the value of /108 6 + log, 67
TN 2 T AR IE A

Vlog, 6 + log, 67

(A) 1 (B) v/log, 6 (C) 2 (D) \/Ichzﬁ + \//]ngaﬂ (E) log, 6 + y/log, 6
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Problem 14

Bela and Jenn play the following game on the closed interval 0. 12] of the real number line,

where n is a fixed integer greater than 4. They take turns playing, with Bela going first. At his first

turn, Bela chooses any real number in the interval 0. 1| Thereafter, the player whose turn it is

chooses a real number that is more than one unit away from all numbers previously chosen by either
player. A player unable to choose such a number loses. Using optimal strategy, which player will
win the game?

Bela A1 Jenn 7ESE 84 E[0, n[iXASIX[AJA iRk, X EL n & —N KT 4 1R E R fdufT]
Bk, Bela 6 Fih. B4, Bela [0, n]XIA] AERIESRE A28, B FREFFEA
Haa, B NIE SRR LR E M 2 BTN C2ia i KT A e sR B AR T 1, =
1% PR HIX A A, B A ET i . W NEREH g, AR IE T2 s
X ik ?

(A)Bela will always win | 2 Bela i

(B)Jenn will always win | &1 /& Jenn fi

(C)Bela will win if and only if nis odd | 24 HAY 4 n 27 %), Bela 2
(D)Jenn will win if and only if nis odd | 4 HAY 4 n 27 %, Jenn &R
(E)Jenn will win if and only if n>8 | X4 HAX 4 n>8 i}, Jenn & i

Problem 15

There are 10 people standing equally spaced around a circle. Each person knows exactly 3 of the
other 9 people: the 2 people standing next to her or him, as well as the person directly across the
circle. How many ways are there for the 10 people to split up into 5 pairs so that the members of
each pair know each other?

10 NN — R, MEZ AR, A ANERARER 9 NAHR 3NN FEAhF 5%
()2 N, LRSS AN N, 359I 10 AN A3k 5 %, BSRAERT AN A#BA BALR,
—HEH 2 DRTIE?

(A)11  (B)12 (C)13 (D)14 (E)15
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Problem 16

An urn contains one red ball and one blue ball. A box of extra red and blue balls lie nearby. George
performs the following operation four times: he draws a ball from the urn at random and then takes a
ball of the same color from the box and returns those two matching balls to the urn. After the four
iterations the urn contains six balls. What is the probability that the urn contains three balls of each
color?

T AR AR AN R, SHEA R, BRI A T AR K,
George it F#AF 4 ¥k AUBEHLAIEE 5 BAHE—ER, R NG TRE-PRGRER, &
JRAEIX 2 ANULEC BRI R G T B, geid 4 RIXAFERERAF A, TR 6 Bk, g
T RIS A 3 DN 3 MEFRIM R 2 /D7

1 1 1 1 1
Mg ®: ©; Oz ®;

Problem 17
How many polynomials of the form z” + az™ + bz® + cx* + da + 2020, where a, b, ¢,
—1 +1iv3
_ .7
and d are real numbers, have the property that whenever r is a root, so is 2 ? (Note

that ¢ = v/ —1)
ZWUE AT
x° + ax* + bz + cx® + dx + 2020

—1 +iv3
XHoa, b, cfldEUESE, HBEERE r RETAORE, Wa 2 HEZIAM

e MARFERZIAFZDA? QEFE = V1)

(A)0O (B)1 (C)2 (D)3 (E)4
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Problem 18

In square ARBC' 1, points £ and T lie on AR and 12 A, respectively, so

that AKX = AH.Points F and ' lie on BC and € 17, respectively, and points T and .7 lie

on EH sothat F7T | EH and G.J | EH. See the figure below. Triangle AEIT,

quadrilateral BF T I, quadrilateral 12 F7.7¢3, and pentagon F'¢7(.JT each has area 1. What is F'/7?

mE R, #EIE77 ABCD 1, £ E M H I TEREABMDA L, /2 AE=AH, 5 F M
G AR TEEBCHCDE, HE I MIMNTARER L, WeFI L EH, GJ 1L EH,
=¥ AEH, IYiLJ¥ BFIE, DYikJE DHIG MK FCGIl HAREI N 1, RFIPRZ /D2

D G C
]

A E B

(A}g (B) 8 —4v/2  (C)1+12 {D]E\/ﬁ (E) 2v2
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Problem 19
Square A BC'I2 in the coordinate plane has vertices at the
points A(1, 1), B(=1,1), C(=1, —1), ang D(1, —1). Consider the following four
transformations:
« L. a rotation of 90° counterclockwise around the origin;
= 1. arotation of 90° clockwise around the origin;
» I, a reflection across the z-axis; and
= V. a reflection across the %-axis.

Each of these transformations maps the squares onto itself, but the positions of the labeled vertices
will change. For example, applying 72 and then ¥~ would send the

vertex A at (1: 1) to (=1, —1) and would send the vertex B at {—1: 1) to itself. How many

sequences of 20 transformations chosen from 1L #. II, V'} will send all of the labeled vertices

back to their original positions? (For example, R,R.V, H jsone sequence of -1 transformations that
will send the vertices back to their original positions.)

TEARKRTIT N, 1E77J% ABCD 1 4 AT sk sy 9 A XL 1), B(=1,1), C(=1, —1),

D(1, —1) et F 4 AN, L, 2895 B M08 BHiERE 902 R, 4895 505 IR &1 ekt 902

H, T x HXSRR; V, KTy Bk X 4 AN g — N E RS R H &, H2
A AL E SR AN . B, IR RAV &, WA ARMESMN (1, 1) L3 7T
(-1, -1, FBTAB (-1, 1) HAN R TEERNMLE. NES (L, R, H, V} K
PR 20 MR R — AT H, A Z/DMIXFERTA], EARIRET XA T HI R 20 (XAF
W5, IERT0E R EIEATS EERMAME? (B0, R , R, V, HEURXFE—4HHE
ZAFHT 4 A EIT ], eI TS A R e A% B R R4 D

[A} 237 {B) 3 . 230 [C) 23&- (D] 3 . 237 {E} 2353

Problem 20

Two different cubes of the same size are to be painted, with the color of each face being chosen
independently and at random to be either black or white. What is the probability that after they are
painted, the cubes can be rotated to be identical in appearance?

PR [FIRE /N TE 5 AR BB T B Bk 7 HFEN LR S B A . ARt sEk)E, 1
PSS e R A5 X AN IE T — R — R R S 2 /b 2

9 980 73 147 580
MWeg B Oz Oims ® 5o
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Problem 21

4 1000 B

= |7
How many positive integers n satisfy ~ 7() L"/_J (Recall that Ed is the greatest integer
not exceeding i)

G2 DA IERE n Wi

-4 1000 B
(O

Val?

(e s x s,
(A)2 (B)4 (C)6 (D)30 (E) 32

Problem 22

(20 — 3t)t
What is the maximum value of 4! for real values of +7

(2¢ — 3t)t
DS, AR 4 WRKERZA?

1 1
(C)

1
A B 2

1 1
D B

Problem 23

How many integers ¥ = 2 are there such that whenever 1 Zz. ---, Zn are complex numbers such
that

|31| = |3z| = ...= |3u| = land 2, + 2, + ... + 2, = Ojthen the numbers =1» 22, -, Zn are

equally spaced on the unit circle in the complex plane?

HEZ DAL 0>2 2, RE S, 2o 0 W2 B HA IR RA:
|21 = [z2] = oo = |zn| = Land 2z + 25 + o 4 20 = 0 I8 4 20, 22, oo, Zufh s SIER (959
A AE ST N R B R] F?

(A)1 (B)2 (C)3 (D)4 (BE)5

10
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Problem 24

Let 2(72) denote the number of ways of writing the positive integer  as a product

n = f1 - fa- - fewhere & = 1, the f: are integers strictly greater than 1, and the order in which
the factors are listed matters (that is, two representations that differ only in the order of the factors
are counted as distinct). For example, the number & can be writtenas 6, 2 - 3, and 3 - 2,

so D(6) = 3. what is D(96)>

D(n)ge rim 54 n Sl FRAERI T n=Ffo for - Sodidel, Fapzmig

KT 1EBA, JF HIXE 72 e Ry 2 f 225 8 1 (B, AR5 ioE 21
R ANE, AR AR RS T BB A RIS T o B, iy 6 W LS K

6, 2.3713.2, FED(6) =3, qD(96)R 21

(A) 112 (B) 128 (C)144 (D) 172 (E) 184

Problem 25
For each real number & with 0 < @ < 1 |et numbers # and ¥ be chosen independently at random

from the intervals [2: ¢/ and [0: 1], respectively, and let P(a)pe the probability that

sin® (m2) + sin® (1Y) > lwhat is the maximum value of P(a)?

S0 < a < NI —Ascsa, 4 x Ry 2027 B EE R A X 1) [0y el (0. 1] g,

Pla)gpsin® (wx) + sin® (my) > Iy, g Pladys oy ez

1 2 5—1
P2 ) Y

7 9
(A) 7 ®)2-v2 (O (E)

11



