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Problem 1

(2112 — :?.'11]21]12
What is the value of 1649 2

(2112 — 2021)?

ik X
& X 169

BMER % )2

(A)7 (B)21 (C)49 (D)64 (E)91

Problem 2

Menkara has a 4 x 6 index card. If she shortens the length of one side of this card by I inch, the
card would have area 18 square inches. What would the area of the card be in square inches if
instead she shortens the length of the other side by | inch?

Menkara £ —3K 4 &~ x6 T8 K5 FHA. wReFXKFRH—BHK
Bl k-, W FAOEREAI8 F73%+F. wREFH —AHKAE
Wil kT, MAFANARERES S FHET?

(A)16  (B)17 (C)18 (D) 19  (E) 20
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Problem 3

Mr. Lopez has a choice of two routes to get to work. Route A is fi miles long, and his average speed

along this route is 30 miles per hour. Route B is 5 miles long, and his average speed along this route
1

is 40 miles per hour, except for a 2-mile stretch in a school zone where his average speed is 2() miles
per hour. By how many minutes is Route B quicker than Route A?

Mr. Lopez A # 4 LB 5 T k45, %K A K6 H L, B A% EBATH
B3 A A H 30 KL, BEBKS XL, BEAZIHFBETHRYTF
Wk ERFNHA RE, RTAEZ—HKA J 326 FRMIES KT,
fo by F-¥ ik R DE20 X2, FIREBLBE ARS Vo

3 3 9
(A) 27 (B) 37 {CH% (D) 5% (E) 6-

Problem 4

The six-digit number 20210A prime for only one digit .. What is A7

(A)1 (B)3 ()5 (D)7 (B)9I

Problem 5

Elmer the emu takes 44 equal strides to walk between consecutive telephone poles on a rural road.
Oscar the ostrich can cover the same distance in 12 equal leaps. The telephone poles are evenly
spaced, and the 411st pole along this road is exactly one mile (5250 feet) from the first pole. How
much longer, in feet, is Oscar's leap than Elmer's stride?

@ Elmer /£ % AT 38 L é9AR4AR G AT L AT A T Z T Mg FE 69 44 ¥, F4F
R, S8 Oscar R E £ 12 K FIEMHHK. CEAFHY LA, NFE 1R
BEATH F 4] RO EAFMIIER EIF R —FE L (5280 £ R). 8 Oscar 4 —
Skt Elmer 69— %%k % 3k B2

(A)6 (B)8 (C)10 (D)1l  (E) 15
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Problem 6

As shown in the figure below, point F lies on the omite half-plane determined by line ' I} from
point A so that #C /1K = 1107, Point F'lieson AI? sothat DFE = DF,and ABC D isa
square. What is the degree measure of .~ A F E?

o FEAMT, REATFTHAXACD HELHE L AR ¥EFa L, £7
LCDE =110°, & F4i¥ AD t, 444 DE = DF, #H ABCD #—4-iE
Mo B LAFE 92 % V2

D
1107

B c
(A) 160 (B) 164 (C) 166 (D) 170  (E) 174

Problem 7

A school has 1000 students and 7 teachers. In the first period, each student is taking one class, and
each teacher is teaching one class. The enrollments in the classes are 2%, 20. 20, 5, and 5. Let # be
the average value obtained if a teacher is picked at random and the number of students in their class
is noted. Let s be the average value obtained if a student was picked at random and the number of
students in their class, including the student, is noted. What is ¢ — &?

— O RA 100 8% A A5 SHIF. AB—N, BALER—ITR, HAE
I — 1R, B IRAZHEMASA 50, 20, 20, 540 5. 4o R Mpit —
BAOF, LKA AR AR T KBTI, FRE LA Lo o
PRI — LA, FILREPERAEGIERFEEAMGF XiBIT4HE
it, PPk FEAs. Ft—sE$ )2

(A) —185 (B) 135 (C)0 (D) 135 (E) 185
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Problem 8

Let Af be the least common multiple of all the integers 10) through 30, inclusive. Let V" be the least

N,

common multiple of M, 32,33, 34, 35,36, 37, 38,39, and 40. What is the value of M

M EMI0 ®) 30 (4510 A= 30) &9 7 A B E069 F &3 N 2 M.
32, 33, 34, 35. 36. 37. 38. 39 40 40 &4 & ME 5, 9] % WIMER 5 >
(A)1 (B)2 (C)37 (D)74 (E) 2886

Problem 9

A right rectangular prism whose surface area and volume are numerically equal has edge

lengths logy @, logs &, ang 1081 - \what is 27

— AR F] H log, x. logy x Fo logy x &) K F 4k é) k@R Atk R AME L
¥ Flxtg e

(A)2v6 (B)6v6 (C)24 (D)48  (E) 576

Problem 10
The base-nine representation of the number A is 27,006.000,052,;,.... What is the remainder

when N is divided by 57
N &9 uitfih] & 72 27,006,000,0529. 15 N FRyAS 89432 % )2

(A)o  (B)1 (©)2 (D3 (E)4
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Problem 11

Consider two concentric circles of radius 17 and 19. The larger circle has a chord, half of which lies
inside the smaller circle. What is the length of the chord in the larger circle?

ZRF AN FF2Ah19AHARCH. RROGEAH—FiZ, L¥6—
FLATFHR)HEAAN. MBERXGEAHNXFEZORERLS J?

(A)12v2  (B)10v3 (C)V17-19 (D)18 (E)&8V6

Problem 12
What is the number of terms with rational coefficients among the 1001 terms in the expansion

100
of ("r V2+ y‘ﬂ) !

1000
ERIX (xV2+yV3) 61001 R b, A 5 AR HHH B
(A)0 (B)166 (C)167 (D)500  (E) 501

Problem 13

The angle bisector of the acute angle formed at the origin by the graphs of the
lines ¥ = @ and ¥ = 3 has equation ¥ = K. What is k?

oy =xdoy =3y BIEHE &AL EARENRMBA Y A5 R0 FAR
y=kx. Flk2%?

1 5} 1 7 2 3 2 D
2‘/_ (B) +2‘/_ (©) +2‘/_ D2 (B 2‘/_

(A)
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Problem 14
In the figure, equilateral hexagon A B(’[J K F has three nonadjacent acute interior angles that each

measure :3()°. The enclosed area of the hexagon is 6v/3. What is the perimeter of the hexagon?

AE Y, Fi5i% ABCDEF AT ZATARAR 4939 4 30° 694L A M. B
A BT A IR @ AR 6V3. FlNABHAKES D2
A

C E
(A)4  (B)4V3 (C)12 (D)18 (E)12V3
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Problem 15

Recall that the conjugate of the complex number @ = @ + bi, where a.and b are real numbers

and ¢+ = v/ —1 is the complex number iF = a — hi. For any complex number z, let f(z) =4z
The polynomial (%) = 2% +42% 4+ 32% + 22 + 1has four complex roots: 1, #s, #s, and Za. Let
Q(z) = 2"+ Az + Bz" + Cz + Dpe the polynomial whose roots are =) flz2) flzs)
and £(21), where the coefficients 4, B. C\and 1 are complex numbers. What is B3 + D?
KMNoil, THw=a+bi YA BRI KD =0a—-bi, XPafebt LK,
fi= =1t FEMIAKzZ,& f(z) = 4iZ. $AXP(z) =24 +423 + 322 +
22+ 1 Hg AN AR 21, 22 23 F0 24, 8 Q(2) =2 + A2+ B2 +Cz+ D

AMA f(z1)s f(z2)s f(23) Fo f(2g) 9 %R K, P FREA.B.CHD %
4. FMB+D X% V>

(A)—304 (B)-208 (C)12i (D)208 (E)304
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Problem 16

An organization has 30 employees, 200 of whom have a brand A computer while the other 10 have a
brand B computer. For security, the computers can only be connected to each other and only by
cables. The cables can only connect a brand A computer to a brand B computer. Employees can
communicate with each other if their computers are directly connected by a cable or by relaying
messages through a series of connected computers. Initially, no computer is connected to any other.
A technician arbitrarily selects one computer of each brand and installs a cable between them,
provided there is not already a cable between that pair. The technician stops once every employee
can communicate with each other. What is the maximum possible number of cables used?

— B A AF30ERLT, P20 AEHF—6 Aseigdgdim, mA5h10 A
EH—E Bageg s, AgeRNL, LAk g Eidd, FHELR
el wai k. RHAREHFLRANEESLEB O LEME. R
TR BdCAAEMERE TR — AP MEY LEEEE L, F4
feflZ KT VA ZARiB1E. |, LR EZAEMERE. BRAARESE
MAFEAN S LG &k 3F— 4 hE, o R st & hE 2 65 LA waiin i,
MaskAeEeMZ TR VY., 554600 LA TR TeEfT A Z4mii13 e,
HAARKSATIETAE. FIRETHRAERA SV FE 42

(A)190 (B)191 (C)192 (D) 195 (E) 196

Problem 17

For how many ordered pairs (b, e) of positive integers does

neither % + bz + ¢ = Onor x? + ez + b = 0 have two distinct real solutions?

A2 +bx+c=05x2+cx+b=0#FABAREAGTHKMRGAH FE
%3t (b,c) A % VA2

(A)4 (B)6 (C)8 (D)12 (E) 16



2021Fall AMC12A

Problem 18

Each of 20 balls is tossed independently and at random into one of & bins. Let ¥ be the probability

that some bin ends up with 3 balls, another with 5 balls, and the other three with 4 balls each.
P

Let @ be the probability that every bin ends up with 41 balls. What is 4?

20 NIRP A FF— AR ZH A5 MMAPEI—A & p ARE—A

WA 3 A, B—AHTAH S AR, FEILAG AT EA 4 A
)

ﬁﬁoqiﬁ%&¢ﬁ?ﬁ4¢&%M$aM%%%&?

(A)1 (B)4 (C)8 (D)12 (E)16

Problem 19

. o »
Let : be the least real number greater than | such that sin(z) = sin(@”) \yhere the arguments are

in degrees. What is  rounded up to the closest integer?

Hx AKTF 169D gdk, thAFsinx =sin (x?), 6 RAEA P4,
RCBRLE VRS & AL S E S W

(A)10 (B)13 (C)14 (D)19 (E) 20

Problem 20

For each positive integer i, let J1(1) be twice the number of positive integer divisors of , and

for j = 2 1et Fi(n) = fi(£i=1(n)} For how many values of 1 < 50 s fao(n} = 127

T HEANEESH N, 4 fi(n) An 6§ ERFKAHYBANKGHIE, F BT ] > 2,
4 fi(n) = A(fi-1(n))e 2 Fn <50, HE fso(n) =12 8 n i 5 I A2

(A)7 (B)8 (C)9 (D)10 (E) 11
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Problem 21

Let ARC D be an isosceles trapezoid with BC' || AD and AR — ¢ 1. Points X and ¥ lie on

diagonal AC with X between A and ¥, as shown in the figure.
Suppose ZAX D = /BYC =90°, AX =3, XY = 1,and ¥ ' = 2. What is the area
of ABC)?

it ABCD 2% 4%, ¥ BC | AD, # 8 AB =CD. WwB %, 5 X #»
Y4EFHA%AC L, X4aF AfY 2. Bik LAXD = ZBYC = 90°,
AX =3, XY=1, YC=2, ¥ ABCD th@# 2% V>

B

D
(A)15  (B)5VIl  (C)3v35 (D)18 (B)7TVT

10



2021Fall AMC12A

Problem 22

Azar and Carl play a game of tic-tac-toe. Azar places an in X one of the boxes in a 3-by-3 array of
boxes, then Carl places an 2 in one of the remaining boxes. After that, Azar places an X in one of
the remaining boxes, and so on until all boxes are filled or one of the players has of their symbols in
a row—nhorizontal, vertical, or diagonal—whichever comes first, in which case that player wins the
game. Suppose the players make their moves at random, rather than trying to follow a rational
strategy, and that Carl wins the game when he places his third (2. How many ways can the board
look after the game is over?

Azar #o Carl Izt—}f-f;'-%;t;‘i,%ii Azar 3§ X 3£ 3x3 &g — A Ff, KRB
Carl # O A BEAE—AZTHP. 25, Azar FXHEL—AZHF, KL
i, “ﬂl’%iiz’r,%UEmEI )3 ANFFERT —H (TAAKFG, BHM,
RABHENALR), MAZGAEKBATT HR. FRRELALTHRARXIAF
AR AT T meE R B EKARRAMAA A AN T, M AAEHELY
o, HY Carl HEF = O 0, BT THR. H3FR4osbsd kT,
S LRSI R

(A)36 (B)112 (C)120 (D) 148 (E) 160

Problem 23
A quadratic polynomial with real coefficients and leading coefficient | is called fdisrespectful if the

equation p(p(z)) = Ojs satisfied by exactly three real numbers. Among all the disrespectful
quadratic polynomials, there is a unique such polynomial plx) for which the sum of the roots is

maximized. What is P(1)7

o RAGIFA ZAFHHRFARP(p(x) =0, FAERAZHA 16K A K=
KERAX p(x) BAEAREEEY . AHARLEEH K EAXY, A
h—b $ R KX P(x) AL SR Ao RE K. B p(l) 23 F?

) 1 5 9
(A) 6 (B) 5 (C) 3 D)1 (E) 3

11
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Problem 24

Convex quadrilateral ARC 12 has AB =18, ZA = 60°, ang AB || CD. 1 some order, the

lengths of the four sides form an arithmetic progression, and side -1 R is a side of maximum length.
The length of another side is . What is the sum of all possible values of n?

A& wia# ABCD +, AB=18, LA =60°, #8 AB | CD. &8XA
WA, &t KN R —AF AT, B AB AR Kb, B —Fibeh
KBERa. ¥ atgprh TEAAGERZ S V2

(A)24 (B)42  (C)60 (D) 66 (F)sd

Problem 25

Let 71t = D be an odd integer, and let D(n) denote the number of quadruples (a1, a2, a3, Ga) of
distinct integers with 1 = @i = m for all i such that s divides @1 + @2 + aa + a4 Thereisa
polynomiald(®) = c3a” + cpx” + €12 + Cosych that P(m) = q(m) for all odd

integers 112 = 5, What is €17

Em>524%, 4Dm) AFTFForAI, 1<a,<m, #F#Ha+ar+
a3+ ag FEAK m R PR ) 15 B AR W LA (ay,az,a3,04) AN HA
$M X q(x) = c3x® + 2x? + 1x +¢o, 4% D(m) = q(m) 2+ F b A ¥ %
m>5mL. Flcy 2% V>

(A) -6 (B)—-1 (C)4 (D)6 (E)11

12



