2021Spring AMC 12A

2021Spring AMC 12A

Problem 1
ol 1213 1 2, a3y
What is the value of 2 '~ ~ — (2% + 2% +2°)7

FAMEREZ D
21I2I3_(2L+22+23}?
(A)O (B)50 (C)52 (D)54 (E)57

Problem 2

Under what conditions does v'@* + #* = a + b hold, where @ and b are real numbers?

O a il b Rssl, WMEMMIBIT, va? +b = a+ bfiar?

(A) Itis never true. | 7KIZEA KA .

(B) Itis true if and only if ab=0. | 24 HAY 4 ab=0 &} 7 B&AZ,

(C) Itistrue if and a+b=0. | 4 HAL Y a+b=0 B A 7.

(D) It is true if and only if ab=0 and a+b=0. | 24 H{X ¥4 ab=0 H. a-+b=0 Wi 4 Bz,

(E) It is always true. | 72 37

Problem 3

The sum of two natural numbers is 17:102 One of the two numbers is divisible by 10. If the units
digit of that number is erased, the other number is obtained. What is the difference of these two
numbers?

PN EAR B AT 17,402 XA ) — AT A 10 BEBR . SR 25 B i 80 A e I 45
A XA E E R Z D

(A) 10,272 (B) 11,700 (C) 13,362 (D) 14,238 (E) 15,426
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Problem 4

Tom has a collection of 13 snakes, 1 of which are purple and & of which are happy. He observes that

all of his happy snakes can add,
none of his purple snakes can subtract, and
all of his snakes that can't subtract also can't add.

Which of these conclusions can be drawn about Tom's snakes?
DA 13 ki, Horb 4 R R AN, 5 &ARRAN. MK I
o A PR BT A PRAR R RS RE AU,
o iR ER i A ORI, T EL
o Al T A AN 2 Rk R et AN 2 o
KT HUHRE, 7T LAS DRSS 8 2
(A) Purple snakes can add. | £ ml LA o
(B) Purple snakes are happy. | &t RE & PR .
(C) Snakes that can add are purple. | BEfHniZ i f& 28 i .
(D) Happy snakes are not purple. | R g A2 L1 .
(E) Happy snakes can’ tsubtract. | BR5R AN 2 ki .

Problem 5

When a student multiplied the number 6 by the repeating

multiplied 66 times L-2 b. Later he found that his answer is 005 less than the correct answer. What

is the 2-digit number & b7

i a
VE BRI N, TR T 66 e l-a b Eokfb R IMb AR

i 2 frne @ 0 g
(A)15 (B)30 (C)45 (D)60 (E) 75

b 2Ry, B

FLIERRZ 27N 0.5,
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Problem 6

A deck of cards has only red cards and black cards. The probability of a randomly chosen card being
1 1

red is 3. When 4 black cards are added to the deck, the probability of choosing red becomes 4. How
many cards were in the deck originally?

1
— Rl AL R ARG R BEHLE Tk R RGBS, RN 4

1
WA, MR AR 4. AR £ kR A2

(A)6 (B)9 (C)12 (D)15 (E) 18

Problem 7

F 2
What is the least possible value of (zy — 1)* + ( + ¥)" for all real numbers # and 47
T Ay, (@Y — 17+ (@ + 0 s e 20

1 1
()0 B); (©5; @M1 (E)2

Problem 8

A sequence of numbers is defined
by Do =0,D, =0,D3 =1and D, = D,y + D,_afor n = 3, What are the parities

(evenness or oddness) of the triple of numbers (Dove1y Davzzy Dovzs) where F denotes even
and J denotes odd?

— AR TR E L Do =0, D0 =0, Dy = L3 HxfFn = 3,
'DT.' — -D'r.'.—'l } -D.rl.—ﬁo

k= oM (Daoa1s Davzzy Doves ) ity 25 (80, X B E #1850, A O R,
(A) (O.E,0) (B) (E,E,0) (C) (E.O,E) (D) (0,0, E) (E) (0,0,0)
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Problem 9

Which of the following is equivalent to

(24+3) (2% +3%) (2! +3%)(2°+3%) (210 +31%) (22 +87) (2 +3%)?
IS TN R A A A AR

(24+3)(2°+8%) (2! +3%)(2° +3%) (2'° +31%) (27 + ) (2 +3%)?

{ﬂ.} 3[2':' + 2]37 {B} 3[27 + 2]27 _ 2 . SEiH + 3 . EEKS {C‘) :jIEﬁ _ 2[2&‘. {D]I 3]33 + EIEH (E]‘ El:ET

Problem 10

Two right circular cones with vertices facing down as shown in the figure below contains the same
amount of liquid. The radii of the tops of the liquid surfaces are 3 cm and & cm. Into each cone is
dropped a spherical marble of radius L cm, which sinks to the bottom and is completely submerged
without spilling any liquid. What is the ratio of the rise of the liquid level in the narrow cone to the
rise of the liquid level in the wide cone?

L7 R N 7 o W s S @ i R N R N IR S P DS R B S
6 K. FEREEHEAR TN — A8 L ERIIERIES T, BETINER, a5, %A
AR H o 1 2 52 0 A 9 P ) e P 0 (B P T BT R B Bl R 2 D

(A)1:1 (B)47:43 (C)2:1 (D)40:13 (E)4:1
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Problem 11
A laser is placed at the point (3, 5). The laser beam travels in a straight line. Larry wants the beam to

hit and bounce off the #-axis, then hit and bounce off the z-axis, then hit the point {7-2}. What is the
total distance the beam will travel along this path?

£ (3, 5) AHER —MHOLKM . BOURITELZA LS. Larry BilJCHITAE y-4il EIF
FF, SRIGITAE x-Bl EIR S, Z 4T3 (7, 5) o MDGHRITE XK AT T4 1) sl h 5

i 2

(A) 210  (B)5v2 (C)10v2 (D) 15v2  (E) 10v5

Problem 12

All the roots of the polynomial 2 — 102" + Az* + Bz® + Cz* + Dz + 16 are positive
integers, possibly repeated. What is the value of 3?

ZIA" — 1027 + A" + B2 + C2° + Dz + 16[i#0 2 ERA, Al B, 1 B
LCREE
(A) =88  (B) =80 (C) —64 (D) —41  (E) —40

Problem 13

Of the following complex numbers =, which one has the property that z" has the greatest real part?

FET AN EH 2, 52" S Bs  fk 2
(A) =2  (B) —V3+i (C)—V2+V2i (D)-1+V3i (E)2i
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Problem 14
What is the value of

0 1000
.2 .
( E log. 3 ) ~ ( E log,. 25“‘) ?
k=1 k=1

PSR E A2 D

20 100
2 .
( E log. 3* ) ~ ( E log,e ZEL) 7
k=1 k=1

(A)21  (B) 100logs3  (C) 200logs5 (D) 2,200  (E) 21,000

Problem 15

A choir direction must select a group of singers from among his £ tenors and & basses. The only
requirements are that the difference between the numbers of tenors and basses must be a multiple

of 4, and the group must have at least one singer. Let /\" be the number of different groups that could
be selected. What is the remainder when A is divided by 100?

GIEATRIE L AMNE) 6 4 FmE i 8 4 BilEh i —H KT NANEREESE5%
ICE NF e Z e 4 (EEL, IR HEDER — 2T R N A X e —HHT 077
o 2N FRLL100 B, REEZ/?

(A)47 (B)48 (C)8& (D)9  (E) 96

Problem 16

In the following list of numbers, the integer . appears . times in the list for 1 = 7 < 200
1,2,2,3,3,3,4,4, 4, ..., 200, 200, ..., 200what is the median of the numbers in this list?

£ NHBEIE RS, ST 1<n<<200, ¥in 1T n K.
1,2,2,3,3,3,4,4, 4, ..., 200, 200, ..., 200

71 3 ZH B 4 0 3 B A o B 2/
(A) 100.5 (B) 134 (C) 142 (D) 150.5  (E) 167
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Problem 17

Trapezoid ABC D has AB || D, BC = CD =43 a0 AD | BD. Let O be the
intersection of the diagonals /A and B2, and let /> be the midpoint of B . Given

that O F = 11, the length of A /) can be written in the form ¥ V't where  and n are positive

integers and n is not divisible by the square of any prime. What is 1t -} 12?2

e8Ik ABCD i, AB | CD,BC =CD =43, 3tgAD | BD. % 0 X fakACH

BOWZE A, PREDM S, T 0P=11, AD KR LFEmmyT | Hihim filn &
TEER, I Hn ASHEBAT AT B0 F 7 R . 1 mn (MR R %02
(A)65 (B)132 (C)157 (D) 194 (E) 215

Problem 18
Let [ be a function defined on the set of positive rational numbers with the property

that f(a-b) = fla) + f(b)forall positive rational numbers « and &. Furthermore, suppose
that " also has the property that f(p) = ptor every prime number ¥. For which of the following
numbers s .f () < 0

A fR—AE N IEAEAES LS, e BAMR: X T HrA IR EE a M b,
fla-b) = fla) + F(b), e 6 AT bER: TR scd (P) = P DL /%e x,
i f(z) < 09

17 11 7 7 25
(A) o=  (B) 6 (C) 9 (D) 8 (E) —
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Problem 19

T m
. _s8In (L COs .,I) = 03 (L sin 1) .
How many solutions does the equation 2 2 have in the closed

interval [0- 7

T v
G (E en "‘) - (E sin "‘)z;: b < 11 [0, T 4 A2
(A) O (B) 1 (C) 2 (D) 3 (E) 4

Problem 20

Suppose that on the parabola with vertex V" and a focus F' there exists a point A such
that AF = 20 and AV = 21. What is the sum of all possible values of the length F'V"7

AL AN V IR SOA F YA EAEAE— A s AR AF=20, AV=21, FV KK HIFT
I EOPSY P e 24

w1 ®»Y ©F omu ®7
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Problem 21

The five solutions to the equation(* — 1)(2* 4+ 22 +4)(2* + 42 4 6) = Umay be written in the

form x + yei for 1 = K < 5, where 71 and ¥ are real. Let £ be the unique ellipse that passes

through the points (@1, 01), (T2, Y2), (@3, ¥3), (T4, ¥4), and (*5, ¥5). The eccentricity of £ can be

fm

written in the form V "t where  and n are relatively prime positive integers. What is 1t -+ 1?
e

(Recall that the eccentricity of an ellipse £ is the ratio H, where 2 is the length of the major axis
of £ and 2 is the is the distance between its two foci.)

ypalz = D)(2% + 22 + 4) (2% + 42 + 6) = Oy AT b5 e + Wi, Mok 1<k

<5, 7, PeRszlr, ALRmME—pEnt s(Tn ), (T2, v2), (T3, ya)s (24, 14 )0 (s, U6 ) i

I

. Stomm s Y 7R, e m A0 R RIS, m s G
'

&, WSRO R e, Hh 2a RHEEEKSI KR, T 20 A A2 1 1R

o)
(A)7 (B)9 (C)11 (D)13 (E) 15

Problem 22

Suppose that the roots of the polynomial
2m 4 b

.3 2 Cos —, C08 —, CO8 — ] _
Plx) = 2" + az” + bz + ¢ g 7 7 'and 7 , where angles are in radians.
What is ahe?

2 4w Gir
GOS8 —, CO8 — 008 —
T T fi

ERzmRd (@) = ® +ex® + br + ey o A A R

Fon. IAl abc 22 /b?
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Problem 23

Frieda the frog begins a sequence of hops on a 3 x 3 grid of squares, moving one square on each
hop and choosing at random the direction of each hop up, down, left, or right. She does not hop
diagonally. When the direction of a hop would take Frieda off the grid, she "wraps around” and
jumps to the opposite edge. For example if Frieda begins in the center square and makes two hops
"up”, the first hop would place her in the top row middle square, and the second hop would cause
Frieda to jump to the opposite edge, landing in the bottom row middle square. Suppose Frieda starts
from the center square, makes at most four hops at random, and stops hopping if she lands on a
corner square. What is the probability that she reaches a corner square on one of the four hops?

T Frieda £~ 3 x 3 kg LT — RBIBkER, RRRBEERERBENLIZ A T7 A ——1A
By, AR, N AT R Eh B AR TTRG. WANREREE R BRI T [
3 Frieda BT MR, oy “ZNWE” , BREVEXSE 5 —14. B, Wik Frieda A0 J5
WIFaG, 1 EBRERW IR, B — KRR S R AL T BT AT RO R R TR, R T IRBRER A AT
Frieda Bk 2IAHXT 1032, AR NI4T IEJT# . B Frieda WD ITS UK, B2 BEAL
BEERVY U, I H 24 3050 A 7% 77 86 I 4 kiR . Ta) b A DY KR b B8 v T MR 2 2

A2

4 ) 3 25 13
A) — B) = C) — D) — E}y —
Problem 24

Semicircle I has diameter A R of length 14. Circle 2 lies tangent to AR at a point I* and
intersects I" at points @ and R. If @t = 3v'3 and £Q P12 = 60" then the area

av'h
of &P QR equals ¢ ,where aand e are relatively prime positive integers, and b is a positive
integer not divisible by the square of any prime. What is @ -+ b -+ ¢?

FRTEAABMKEN 14, HOS5ABHY)T AP HFE5THAZ T A Q MR, WH

av'h
QR =3V3, HZQPR=060°, 4 APQRGEARE ¢ , Hrbaflc /TR i Ei

., JEH b RABEMAT AT RE P BB R Wa + b+ ekE 2
(A) 110  (B) 114 (C) 118 (D) 122 (E) 126

10
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Problem 25
Let €(7) denote the number of positive integers that divide n, including 1 and . For

example, (1) = 1,d(2) = 2, 3ng d(12) = 6_(This function is known as the divisor function.)

d(mn)
fln) = ~ i
Let ¥ There is a unique positive integer N such that f (V) > f(7) for all positive

integers 7 # IV, What is the sum of the digits of N'?

Ad{n)sm 0 IELE (B 1 RInD %L fin, (1) =1.d(2) =24d(12) =6 i

rf(fmj
fln)=——.
BB R N AR R B D) A VN M IE RO N, A T IE AR

n#£ N, fIN) = f(n), 1N g 868072 MRz

(A)5 (B)6 (C)7 (D)8 (E)9

11



